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AND A GEOMETRIC CHARACTERIZATION OF
THE PARTIAL DIFFERENTIAL OPERATORS
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ABSTRACT. The local Phragmén-Lindelof condition for analytic subvarieties
of C™ at real points plays a crucial role in complex analysis and in the theory
of constant coefficient partial differential operators, as Hormander has shown.
Here, necessary geometric conditions for this Phragmén-Lindel6f condition are
derived. They are shown to be sufficient in the case of curves in arbitrary
dimension and of surfaces in C3. The latter result leads to a geometric charac-
terization of those constant coefficient partial differential operators which are
surjective on the space of all real analytic functions on R%.

1. INTRODUCTION

In his basic paper [17], Héormander proved in 1973 that the surjectivity of a given
constant coefficient linear partial differential operator P(D) on the space A(£) of
all real analytic functions on any open convex set §2 in R™ is characterized by certain
estimates of Phragmén-Lindel6f type holding for plurisubharmonic functions on the
zero variety V(P,,) of its principal symbol P,,. When © = R™ he showed that this
fact is equivalent to a local Phragmén-Lindel6f estimate, PLjo.(€), holding for all
EeV(Pn)NR", €] = 1. For n =2 or n = 3 the latter condition is equivalent to
V(P,) being locally hyperbolic in the sense of Andersson [I] at these points. Later
Zampieri [33] and Braun [5] gave other equivalent geometric conditions for PLig
when n = 3. For n > 4 local hyperbolicity is sufficient but not necessary and no
necessary geometric characterization was known at that time. In the meantime, it
was shown by several authors that different variants of Phragmén-Lindel6f estimates
for plurisubharmonic functions on algebraic varieties could be used to characterize
other properties of constant coefficient partial differential operators (see, e.g., [2],
[4, [12), M, [15], [16], [18], 27, [22], [23], [25], [29], [34]). One of these is also of
special interest for complex analysis because it describes the natural extension of
the classical Phragmén-Lindelof Theorem to algebraic varieties. In many of these
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cases, the local Phragmén-Lindel6f condition comes up as a necessary condition to
hold at real points. Its precise definition is stated as follows:

An analytic variety V in C” satisfies PLjoc(§) at £ € V NR™ if there exist A > 0
and r > p > 0 such that each plurisubharmonic function v on V N B(&,r) which
satisfies

u(z) <1, ze VNBEr) and u(z) <0, z€ VAR"NB(,r)

necessarily satisfies
u(z) < Almz|, ze€VnNB,p).

In the present paper we first derive new necessary conditions for pure k-dimen-
sional varieties V in C™ to satisfy PLjoc(0) (see Theorem 3.13). Then we show that
for analytic curves in C™ and for analytic surfaces in C3, these necessary conditions
are sufficient (see Proposition 3.16 and Theorem 5.3). The latter theorem is then
applied to derive from Hoérmander’s result a new characterization of those homo-
geneous polynomials P in four variables for which P(D) is surjective on A(R?) in
terms of geometric conditions on the zero variety V(P) of P (see Theorem 6.9).
Moreover, we present algorithms that can be used to decide whether PLj,.(0) holds
for an analytic surface in C* and whether the zero variety of a homogeneous poly-
nomial in four variables satisfies Hormander’s Phragmén-Lindel6f principle.

To outline the basic ideas of the paper, we first remark that the necessary condi-
tions obtained in Section 3 are consequences of the generally known principle that
various Phragmén-Lindelof conditions for varieties are inherited by appropriately
defined limit varieties. However, except for the Phragmén-Lindel6f condition in-
troduced by Hormander, the converse implication does not hold. The reason for
this is that near singular points of the limit variety, the branching behavior of V'
makes it impossible to pass estimates on plurisubharmonic functions from the limit
variety of V to V itself. In this situation, the new idea in our analysis of PLj,. is to
microlocalize the analysis of V' in “conoids” (see Definition 2.13) centered around
analytic curves in R™ that are close to branch curves of V' with respect to most
projections. The first step in this method was used in our paper [7] in connection
with the concept of quasihomogeneity of a polynomial. In order to iterate this anal-
ysis, limit varieties T, 4V of V along certain real analytic curves v (see Definition
2.2) have to be considered. These limit varieties, which give approximations to V'
of order d > 1 in conoids around 7, were introduced and investigated in our paper
[9). They are either empty or algebraic varieties of essentially one dimension less
than the dimension of V. Using results from this note and inheritance properties
for extremal functions from Meise, Taylor, and Vogt [26], we show that the limit
varieties T, 4V have to satisfy PLj.. at every real point and that furthermore V' has
to satisfy a hyperbolicity condition in some conoid around v of opening exponent
d (see Definition 2.13). We refer to these properties as hyperbolicity in conoids (see
Definition 3.14). It is a necessary condition for each pure k-dimensional variety in
C™ to satisfy PLjoc(0).

For surfaces V in C? we prove that hyperbolicity in conoids is sufficient for
PLioc(0). In fact, only a finite number of limit varieties T ¢V have to be used
to prove sufficiency (see Theorem 5.3). To obtain this finiteness result, one has
to understand exactly which curves and limit varieties have to be inspected to set
up an inductive procedure. To show that it stops after finitely many steps in a
situation where all relevant necessary conditions have been found, we prove that



LOCAL PHRAGMEN-LINDELOF CONDITION 1317

there is a universal denominator ¢ € N such that for each £ € R3, |¢| = 1, all curves
in the branch locus B¢ C V for the projection of V' along £ have a Puiseux series
expansion of the form Y22 a;t7/%, a; € C3.

Another basic ingredient for proving the sufficiency is an application of our main
result from [§] concerning the radial local Phragmén-Lindel6f condition. It shows
that each plurisubharmonic function u which satisfies the hypotheses of the condi-
tion PLjoc(0) can already be estimated by

u(z) < Alz|, ze€VNB0,r),

where A > 1 and rg > 0 only depend on V' near the origin. To derive from this fact
and the hyperbolicity in conoids that V' satisfies PLjo(0), a lot of detailed analysis
in conoids has to be done. The main point in it is to understand how properties of
the limit varieties 77, 4V can be used to get information about V.

It turns out that multiplicities in the tangent variety TpV and in the limit va-
rieties T’y ¢V are responsible for a lot of technical difficulties. However, if V' is an
analytic surface in C? which contains the origin and satisfies

(%) all the limit varieties T’, ¢V have multiplicity 1

(see Definition 2.10), then the characterization of PLjyc(0) for V' is essentially ob-
tained by a reduction in dimension and can be stated as follows (see Theorem
7.3):

Theorem. Let V be an analytic surface in C* which is the zero set of an analytic
function with real Taylor coefficients and assume that V' contains the origin and
satisfies (x). Then V satisfies PLioc(0) if and only if all limit varieties T qV
satisfy PLioc(§) at each € € T, 4V NR3.

In fact, it is enough to know (%) and the condition in the Theorem only for a
finite number of limit varieties.

The proof of the characterization also has the following philosophical aspect: No
matter how complicated an analytic surface in C? is, if the local Phragmén-Lindel6f
condition can be shown at all, the proof does not bring any new type of maximum
principle into play. In fact it uses only two main ingredients. The first one is
the local radial Phragmén-Lindel6f condition from [8] in the spirit of the Sibony-
Wong inequality that was already mentioned three paragraphs earlier. It is used to
derive an a priori estimate of radial type. Apart from this, only classical estimates
from potential theory in the plane are used, although after many localization and
reduction steps. This is the essential role that hyperbolicity plays in the analysis.

To apply the characterization of PLy,.(0) for surfaces in C3 to Hérmander’s
characterization for polynomials P in four variables, we first show that the following
reduction of dimension can be achieved: If ¢ € V(P)NR4, |£] = 1is given, then V(P)
satisfies PLjoc(€) if and only if the two-dimensional variety, obtained by slicing V' (P)
with a hyperplane through & and orthogonal to &, satisfies PLjo.(0) (see Lemma
6.1). Using an argument of Braun [5], it can be shown that only a finite number
of such sliced varieties have to be inspected in order to decide whether P(D) is
surjective on A(R?*) (see Theorem 6.9).

The paper is organized as follows. In Section 2, we introduce the definitions
and results on limit varieties and other things that are needed later. Necessary
conditions for PLj,. are derived in Section 3 and it is shown that they are sufficient
for analytic curves in C" to satisfy PLjoc(0). In Section 4 the concepts and results
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are presented which are used in Section 5 to prove the finiteness result and the
characterization of the analytic surfaces in C* which satisfy PLjoc(0). This result
is applied in Section 6 to derive a new characterization for the surjectivity of P(D)
on A(R*). In Section 7 we prove the Theorem stated above and we illustrate our
results by several examples.

In concluding we mention that the results and methods of this paper are used in
[11] to characterize those algebraic surfaces in C™ on which the classical Phragmén-
Lindel6f theorem holds.

2. PRELIMINARIES, REAL SIMPLE CURVES, LIMIT VARIETIES, CONOIDS

In this section we fix the notation for the subsequent ones and we recall the basic
facts about limit varieties along analytic curves from our article [9].

Throughout this paper |-| will denote the Euclidean norm on C™. At some places
it is more convenient to use other norms, which will be mentioned explicitly. For
a € C™”andr >0 let

B"(a,r):={z€C":|z—al| <r},

where the upper index n is often omitted.

An analytic variety V in C™ is defined to be a closed analytic subset of some
open set in C™ (see Chirka [14], 2.1). By Viing (resp. Vieg) we denote the set of all
singular (resp. regular) points in V.

2.1. Tangent cones and localizations. Let V' C C™ be analytic in a neighborhood
of p € V. Then v € C" is tangent to V at p if there are a sequence (p;); in V and
a sequence (a;); in C such that lim;_,o, p; = p and lim;_,o a;(p; —p) = v. The set
of all tangent vectors forms a complex cone. It is called the tangent cone of V in p
and is denoted by T,V

If f is a holomorphic function in n variables, its localization in p € C" is defined as
the lowest order nonvanishing term of the expansion f(¢+p) = Z;io Zloz\:j aaC*.
It is denoted by f,.

The relation between tangents and localization is expressed by the following fact,
which can be found in Whitney [32], Chapter 7, Theorem 4D:

T,V ={z € C": fp(z) = 0 for all holomorphic functions f vanishing on V'}.

2.2. Definition. A simple curve v in C™ is a map ~ : |0, a[— C™ which for some
«a > 0 and some ¢ € N admits a convergent Puiseux series expansion

o0
Y(t) =Y &t with & =1.
Jj=q
Then &, is called the tangent vector to «y in the origin. The trace of y is defined as
tr(y) := (0, af). A real simple curve is a simple curve v satisfying tr(y) C R™.

2.3. Remark. (a) If v : ]0,a]— C™ is a simple curve, then for some 0 < 8 < a, the
restriction of «y to ]0, [ is injective. Hence it is no restriction to assume that simple
curves are injective.

(b) Each simple curve v : ]0, a(— C™ has a natural analytic extension to B(0, o)\
]—0o0, 0] if we define for any real number d > 0 the power function 2% on C\ ]—o0, 0]
by 2¢ = |z|? exp(id arg(z)), where arg(z) € |-, [.
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2.4. Definition. A real simple curve v in R” is said to be in standard parametriza-
tion with respect to a basis (£1,...,&,) of R™ if for some ¢ € N, ~(t) = t& +

Z::z Y (t)fy, where 7, (t) = E;'qurl al«jtj/q'

2.5. Lemma. (a) Let V .C C™ be a pure 1-dimensional analytic variety in C™
which contains the origin and let T be the germ of a branch of VNR™\ {0}.
Then there exists a basis (&1,...,&,) of R™, r >0, and a real simple curve
v in standard parametrization such that T N B™(0,7) = tr(7).

(b) Let v be a real simple curve in R™ and let (&1, . ..,&,) be a basis of R™ such
that & is tangent to v. Then there are € > 0 and a real simple curve ¢
which is in standard parametrization with respect to (&1,...,&,) such that
tr(y) N B(0,€) = tr(d).

Proof. Part (a) follows immediately from part (b) together with the well-known
result that each irreducible analytic curve admits a Puiseux series expansion (see,
e.g., Chirka [I4], 6.1).

For the proof of part (b), let v = Z;’; q a;t7/ be the Puiseux series expansion
of v satisfying |aq| = 1. We may assume a4 = (1,0,...,0) and that (&,...,&,) is
the standard basis of R™. Denote by a;,1 the first coordinate of a;. Then g: s —

Z;‘;q aj1s’ is analytic near the origin. Let ¢ be defined by g(¢(s)) = s9. Then ¢
admits a Puiseux series expansion ([I4], 6.1) of the form ¢(s) = s+ o(s). Define

5(t) ==y (p(t"/1)9).

Then tr(vy) and tr(d) coincide in a neighborhood of the origin. Denote by 1 and
01 the respective first components. Then

1(t) = (ot 9)7) = g((t"/)) = ¢.

Hence ¢ is in standard parametrization with respect to the standard basis of R™. [

2.6. Definition. Let V' C C” be an analytic variety of pure dimension k£ > 1 which
contains the origin, let v : ]0, «[— C™ be a simple curve, and let d > 1. Then for
t €10, o[ we define

Vorai={weC i y(t) + wtt € V) = tid(v — ()
and we define the limit variety T, 4V of V of order d along v as the set
T,qV :={CeC": (= Jlggo zj, where z; € V,, ;. q for j € Nand (t;);en is a
null-sequence in ]0, a[}.

If it is clear from the context we will sometimes write V; 4 or just V; instead of
Vi td-

From Theorem 3.2 and Proposition 4.1 of [9], we recall the following results.

2.7. Theorem. Let V be an algebraic variety of pure dimension k > 1 which
contains the origin, let v : ]0,a[ — C™ be a simple curve in C" with tangent vector
& at the origin, and let d > 1 be given. Then the following assertions hold:

(a) Ty 4V is either empty or an algebraic variety of pure dimension k.
(b) T, 1V =TyV —&.
(c) If d> 1, then w € T, 4V if and only if w+ N € T,y 4V for each A € C.
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(d) For each R > 0 there exists 0 < § < a such that Vo4 4 is a closed analytic
set of B(0,R) for 0 <t <4, and for each null-sequence (t;)jen in |0, d[ the
varieties (Vy,¢;,.a N B(0, R))jen converge to T, 4V N B(0, R) in the sense of
Meise, Taylor, and Vogt [24], 4.3.

For later applications of part (d) of Theorem 2.7 we need the following lemma.

2.8. Lemma. Let D be a domain in C", let Vo and (V;)icjo,a] be analytic subvari-
eties of D of pure dimension k > 1. Assume that for each null-sequence (t;)jen in
10, af the sequence (Vi;)jen converges to Vg in the sense of Meise, Taylor, and Vogt
[24], Definition 4.3. Then for each compact set K in D and each open set G in D
with G D Vo N K there exists 0 < 7 < a such that Vi N K C G for allt €10, 7].

Proof. 1If the lemma does not hold, then there exist a compact set K in D and an

open set G with K NV C G C D such that for each j € N there exists ¢; € ]0, jl[
satisfying K N'V;, ¢ G. Consequently we can choose z; € K NV;, \ G, j € N.
Passing to a subsequence, we may assume that (Zj)jeN converges to some zg € K.
Then the hypothesis implies zyp € K N Vy C G. Hence there exists jo € N such that
zj € G for all j > jo. Since this contradicts the choice of the sequence (z;);en, the
proof is complete.

Later we will also need information about equations defining limit varieties T’, 4V
and about how T, 4V depends on d € [1,00[ for a given real simple curve v. To
provide it we recall the following definition from [9], 3.15.

2.9. Definition. For d € [1,00[ and ¢ € N, a polynomial P in t'/? and z1, ..., z,,
P(t, z) = Z a; pt?/ 2P
JEN,BeM

is called d-quasihomogeneous of d-degree w if N C No and M C Ng are not empty
and if aj3 # 0 and L + d|3] = w for each j € N and § € M.
Remark. If P as in Definition 2.9 is d-quasihomogeneous of d-degree w, then
P(Mt, \2) = M P(t, z) for all A € C and (¢, 2) € ]0, 00[xC".

2.10. Definition. For » > 0 let f : B"(0,7) — C be a holomorphic function which
vanishes at the origin. For ¢ € N let () = 3772 a;t7/ be a simple curve. Then
we have the expansion

(2.1) Fy(@) +2) = Z .0z,

For d > 1 let )
wo = wo(d) := min{% +d|a| s ajq # 0}
and regroup the expansion (2.1) as
(2.2) FOt) +2) = Fu(t,2) + Y Fult,2),
w>wo

where F, is a d-quasihomogeneous polynomial in t'/¢ and z of d-degree w. By [@],
Corollary 3.17, we have for V = V(f):

(2.3) T, .aV =V (F,(1,-)).
We will say that T 4V has multiplicity 1 if F,,(1,-) is square-free.
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Remark. In [9] the limit varieties T, ¢V are in fact defined as the supports of
limit currents T, 4[V]. From [9], Corollary 3.16 and 3.17 it follows that T, 4V
has multiplicity 1 in the sense of Definition 2.10 if and only if the current T, 4[V]
coincides with the current of integration over T’ ¢V with weight = 1.

Note that by Theorem 2.7(b) we have ToV =T, 1V + £ for each simple curve
with tangent vector £ at the origin. Therefore we also have defined when TyV has
multiplicity 1.

2.11. Remark. Let r > 0 and let f : B"(0,r) — C be a holomorphic function which
vanishes of order m > 0 at the origin. Let y(t) = Z] p a;t7/ be a simple curve. Tt
was shown in [9], Proposition 4.3, that there are p € N, 1 < p < m+1, and rational
numbers 1 =d; < --- < dp, such that for V := V(f)

T, qV =T,V whenever d; <d <6 <djt1, 1 <j<pord, <d<4,

and where the set {di,...,d,} is minimal with respect to this property. It was
also shown that the numbers d; can be computed from the expansion (2.1) by
considering the Newton diagram NV of its support set M which is defined as

M = {(%,l) : 4,1 € Ng and a; o # 0 for some a € NZ, |a| = 1}.

2.12. Proposition. Under the hypotheses of Remark 2.11 and using the notation
introduced there, the following holds:

(a) If d, < d < dyy1 for some v satisfying 1 < v < p, then F, a)(1,-) =
(Fiuo(d,)(1,7))o and hence
Ty,aV = V((Fa(a,)(1,))o)-
(b) If d > dy, then Fa)(1,-) = (Fuy(a,)(1,"))o and hence

Ty,aV = V((Fuo(a,)(1,-))o)-
(C) dengo(du+1)( ) <dengo(d )( )fOT'].<l/<p

Proof. To prove (a) and (b) we consider the following cases:

Case 1: v = 1. Expand f = Z;im Qm, where Qy is either homogeneous of
degree k or identically zero. If Qr # 0 consider the Taylor series expansion of Qy
at aq:

k(ag+w) = ZP;”

v=r}
where Py, ,, is homogeneous of degree v or identically zero and where Py, ., = (Qk)a,
is the localization of Q at a4. For 4(t) := () — a4t this gives

k
Z> = > P G) + 2).

V=V

Qu(r(t) + 2) = < LI+

Since (t) = Zj | ag+517/9, the expansion of Py, (7(t) + z) shows that the values

1
k—u+%'j+d(1/—j)—k+(d—1)1/+j(%—d),O<j<1/,

are candidates for the smallest d-degree in the expansion of Qi (v(t) + 2), k > m.
From this it follows that

WO(l) =m and Fwo(l)(L ) = m Vin (Qm)a
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Moreover, it follows that for some € > 0 and 1 < d < 1 + ¢ we have
wo(d) =m and F,q)(1,-) = Pmu,, = (Qm)a,-

By [9], Proposition 4.3, (2.3), and the choice of dg, this proves (a) in this case.
Case 2: 1 <v <p. By [9], 4.3, there is a segment with slope —% in N. By the

definition of the Newton polygon there are n > 2 points (%, lg) e M, 1 <k <n,
lying on this segment, i.e., they satisfy

dyly, + %’“ =wo(dy), 1<k<n,

while
J J J Jk
(2.4) dyl+ = >wo(dy) for all (=,1) e M, (=,1) # (—=,lx), 1 <k <n.
q q q q
Moreover,
Foo(t,z) = Z Sk(t, z), where Si(t,z) = Z ajk,azatj’“/q.
k=1 dy|al+jk/g=wo(dv)

In particular, Sk(1,-) is homogeneous of degree I for 1 < k < n. Since we may
assume j; < jo < -+- < Ju, we have [y > lo > --- > [,. Consequently, the
localization of F,,4,)(1,) at the origin is S,(1,-). To compute F,, g for d > d,,
note first that the d-degree of Sy is dl + ji/q. Since I = %(wo(dl,) — Jk/q), we
get for k < 1

Jk d Jey o Jk dwo(dy) gk, d
_— = — v)— — —_— = _- —(— — 1
i+ q dy(wO(d ) q)Jr q d, q (dy )
dwo(dy) ji, d Ji
~ L= o= 4y
> d, p (d,, ) dl; +

Hence, among Si,. .., Sy, the term S, has minimal d-degree dl,, + jn/q. To check
the d-degree of the remaining points in M, note that the set of (%, ) € M described

in (2.4) is either empty or the minimal d,-degree in this set is attained at some
point (%’,ZO). Then (2.4) implies

(2.5) dlo + %0 > wo(d,) > dl,, + ‘%"

for d = d,. Hence there exists € > 0 such that (2.5) also holds for d, <d < d, +¢
and consequently

(2.6) wo(d) = dl, + %" and Fl,q) = Sy, for d, < d < d,, +¢.

By [9], Proposition 4.3, (2.3), and the above, this implies
T’deV = V(Fwo(d)(lv )) = V(Sn(lv )) = V((Fwo(du)(lv ))0)

Since T, 4V =T, sV for d, < d,d < d,+1, we proved (a) in this case.
Case 3: v =p and p > 1. In this case we can argue as in the previous one to
get n > 2 and points (%‘, ly) € M, 1<k <mn, lying on the segment in N with slope

—i. Assuming j1 < jo < --- < jp as before, we have

Foo(a,(t,z) = Z Sk(t, z), where S(t,z) = Z aj,azatjk/qa
k=1 dplel+ik/q=wo(dp)
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using the same notation as above. The definition of p and of the Newton polygon
implies that either there are no points (£,1) in M satisfying j > jn or I = I, if

(%,l) € M with j > j,. Hence we have

J +dl > In + dl,, for each such point and d > d,,.
q q
From this we get as above that wg(d) = % +dly, for d > d, and F, ) = Sn. As
before, this implies (b).
(c) The considerations in case 2 above imply

dengo(d,,)(]-a ) =l >l,= degSn(la )

The definition of the Newton polygon gives F,(4,,,) = Sn + R, where the degree
of R(1,-) is smaller than [,,. Hence (c) holds. O

2.13. Definition. Let v : )0, a[— R™ be a real simple curve, let d > 1, a subset U
of C", and 0 < R < « be given. We call

L(y,d,U,R):= ] (v(t)+t'U)
0<t<R

the conoid with core =y, opening exponent d, and profile U, truncated at R, provided
that the origin does not belong to this set.

2.14. Definition. Two simple curves v and o in C" are called equivalent modulo
d > 1 if for each zero-neighborhood U in C™ and each R > 0 for which I'(v,d, U, R)
and I'(0,d, U, R) are conoids, we have

I'(y,d,U, R)NT(0,d, U, R) # 0.

If T is the germ of a branch of V NR™\ {0} as in Lemma 2.5 then T is said to
be equivalent to v modulo d if there exists a real simple curve ¢ which is equivalent
to v modulo d and satisfies tr(o) = T.

2.15. Lemma. Let v and B be two real simple curves in R™ defined on 10, a[ for
some o« > 0. Then the following assertions hold:

(a) If v and B are equivalent modulo d for some d > 1, then their tangent
vectors in the origin coincide.

(b) If(t) = 2232, a;t’/ and B(t) = 352, bjt/t are standard parametrization
of v and B with respect to the same real basis X in the X-coordinates, then
~v and B are equivalent modulo d > 1 if and only if

dq dl
(2.7) > a1 =3 "bt", te]o,al.
J=q J=l

(¢) The relation “equivalence modulo d” defined in Definition 2.14 is an equiv-
alence relation for real simple curves.

Proof. Let & denote the tangent vector of v in the origin. It is easy to check that
for each sequence (pi)ren which satisfies p € T'(y, d, B(0, %), %) for k € N, we have
limg 00 P/ || = €. Obviously, this implies (a).
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To prove (b), assume first that (2.7) holds. Then for each 0 < ¢ < 1 and all
small R > 0 we have

dq

> a;t!/* €T(v,d, B(0,¢), R) NT(8,d. B(0,€), R)

Jj=q
provided that ¢ > 0 is sufficiently small. Hence v and g are equivalent modulo d.

For the proof of the converse implication, replace ¢ and [ by a common multiple

if necessary, so that ¢ = [. To prove inductively that a; = b; for all j satisfying
g < j < dg, note that by part (a) this holds for j = ¢g. Assume now that for
some J with ¢ < J < dg we already know a; = b; for all ¢ < j < J. Since 7
and 3 are equivalent modulo d, there exists a sequence (pi)ren satisfying px €
I(v,d,B(0,1/k),1/k)NT(8,d, B(0,1/k), %), k € N. Since v and  are in standard
parametrization with respect to the same basis, there are null-sequences (¢)ren
and (7x)ken 1n ]0, 00 and (g )ken and (hg)gen in C™ such that

1 1
'Y(tk) + 9k =Dk = ﬁ(Tk) + hi, |gk| < tka |hk| <

and hence
L 4 d
[tk — 7| < gk — hi| < E(tk + 7%)-

Since limg—oo[pi|/te = [§] = limg—oco|pr|/7e and [¢] = 1, this implies [t — 74| <
%|pk|d for all sufficiently large k. Moreover, J < qd and 0 < tg, 7% < 1 imply

h h
0 < lim |gk| < 1' _|g§| =0 and 0< lim M < lim |—§| =0.
k—o00 tJ/ k—oo tk k—o0 T];]/q k—oo Tk

From this it follows that

1 ila\ _ ila) _
kLIgo |pi| 7/ (pk Za]t ) @ klioo pk|J/q( Zb ) N
Since for ¢ < j < J — 1 we have

1 y y 1 g
PREZLC -

sup [tr + s(7x

d
_ tk)|j/q71 3|pk| ,
Ipx|779 q seo k

the induction hypothesis a; = b; for ¢ < j < J—1implies a; = b;, which completes
the proof of part (b).
Part (c) is an obvious consequence of (a) and (b). O

Later we shall also need the following definition.

2.16. Definition. Let V be an analytic variety in C™ and let €2 be an open subset of
V. A function u : Q — [—o0, 00[ is called plurisubharmonic if it is locally bounded
above, plurisubharmonic in the usual sense on )., the set of all regular points of
V in Q, and satisfies
u(z) = limsup u((¢)
CEQreg,(—2

at the singular points of V in Q. By PSH(Q2) we denote the set of all plurisubhar-
monic functions on 2.
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3. NECESSARY CONDITIONS AND (7, d)-HYPERBOLICITY

In this section we will derive necessary conditions for an analytic variety V of pure
dimension k in C™ to satisfy PLj,. at one of its real points. We also show that for
k =1, this necessary condition is sufficient. The next two sections are then needed
to prove the sufficiency of this condition for two-dimensional analytic varieties in
C3. First we recall the definition of the local Phragmén-Lindeldf condition PLjg..

3.1. Definition. For £ € R™ and g > 0 let V be an analytic variety in B(&,79)
which contains . We say that V satisfies the condition PLj,.(§) if there exist
positive numbers A and ro > 71 > rg such that each v € PSH(V N B(§,r1))
satisfying

() u(z) <1, ze VN B(&ry) and

(B) u(z) <0, ze VNR*"N B(&,r1)
also satisfies

(v) u(z) < Allmz|, z € VN B r2).

To derive several equivalent formulations for PLj,., we recall the following lemma
from Meise, Taylor, and Vogt [24], 2.9:

3.2. Lemma. The function H : C" — R, H(z) := 1(|Imz|? — |Re z|?) is plurisub-
harmonic and has the following properties:

(@) H(:) <[z, | <1, (© H@)<0,ceR,
(b) H(z) < |tmz| - % 2] = 1, (d) H(iy) >0, y € R™.

3.3. Lemma. For £ € R™ let V be an analytic variety in B(§,ro), ro > 0, which
contains €. For positive numbers A,rs < ry < r1 < rg, and functions u defined on
VN B(£ 1), consider the estimates
(@) u(z) <1, zeVNBE,r).
(B) u(z) <0, zeVNR*"NB(E ).

(7) u(z) < A|Imz|, z€VNBE,rs).
Then the following conditions are equivalent:

(a) For each choice of r1 and ro there exist s and A such that for each u €

PSH(V N B(&,r1)) the estimates () and (B) imply the estimate (7).
(b) There exist r1,r2,r3 and A such that for each v € PSH(V N B(&,71)) the

estimates (a) and (B) imply the estimate (7).
(c) V satisfies PLioc(€).

In particular, the set
{£€e VNR":V satisfies PLioc(€)}
15 open in V NR"™.

Proof. Obviously, (a) implies (¢) and (c) implies (b). Hence it suffices to show that
(b) implies (a). To do so, assume that (b) holds with the parameters 0 < sg < s <
s1 <rgand Ag > 0. Then let 0 < ro < r; < rg be given, let

5 5
r3 ;= min(ss, r2/2), B = _ and A := (1 + i) Ay,
2 2
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and fix u € PSH(V N B(&,r1)) satisfying () and (5). To show that u also satisfies
(7), fix 20 € VN B(&,r3) and define w : V — [—o0, 00| by
{max{u(z) + B%H(M) : B|Imz|} , |z —=Rez| < %,

w(z) == T2

B|lm z|, otherwise.

To see that w is plurisubharmonic on V, note that by 3.2(b) we have for z € V
satisfying |z — Re zo| = %:

1

2

2(z — R 2
u(:)+ B2H (M) <1482 (‘Im_z
T2
:B|Imz|—|—1—BZ < B|Im z|.

T2 T2

It is easy to check that from («) for u, 3.2(a), and the definition of w we get the
estimate
w(z) <1+ Bsy, z€VNB(E,s1).

Since u satisfies () and since z € V and [z — Re zo| < 2 imply z € VN B(§,r2),
property 3.2(c) implies w(z) < 0 for z € V N R™. Hence the present hypothesis
implies
w(z) < Ag(1+ Bs1)[Imz|, z€VNBE,s3).
By the definition of r3, we have r3 < s3 and
|z0 — Rezo| = |Im 20| < |20| < 73 < %2

Consequently, the definition of w implies by 3.2(d):

27 Im Z0

Ao(1+ Bsy)|Im 2] > w(z0) > u(zo) + B%QH ( ) > u(zg)

T2

and hence
5
u(z0) < Ao(1 + —;1)|1sz| = AlTm 2|, 20 € V N B(E, r3).
2

To prove the last statement of the lemma, assume that V' satisfies PLyoc(&p) for
some & € VN R"™ and choose p; > 0 such that V is a closed analytic subset of
B(&0,2p1). Then let ry :=rq := p1/2 and apply (a) to get 0 < r3 < rgp and A >0
such that the estimates («) and (5) at & imply (v) for v € PSH(V N B(&,r1)).
We claim that for each £ € V NR" satisfying

. P1 T3
|€ fo|<mln(27 2)
V satisfies PLjoc(€). To prove this, fix such a point £ and ¢ € PSH(V N B(&, p1))
satisfying
w(z) <1l,zeVNBEp1) and ¢(z) <0, z€ VNR"N B, p1).
By our choices we have B(£p,r1) C B(, p1). Hence u := ¢ |ynp(e,,r,) satisfies (a)
and (8) for & and consequently

w(z) =u(z) < Allmz|, ze€VnNB,Ts3).
Of course, this implies
o(z) < Allmz|, ze€VNB(rs/2).
Hence V satisfies PLioc(€) because of (b). O
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3.4. Lemma. Let V be an analytic variety of pure dimension k in C" satisfying
0€V and let d > 1 and a real simple curve v : 10, a] — R™ be given. If V satisfies
PL1oc(0), then the following holds:

For each open set D in C™ and each compact subset K of D there exist Ay and
0 < to < «a such that each family (ui)icjo.af of plurisubharmonic functions u; on
Vi.a N D which satisfies

(@) ue(z) <1, ze€eVignND, t€]0,af and
(B) u(2) <0, ze VigNDNR™, t €]0,¢]

also satisfies

(7) ue(2) < Ao|llmz|, z€e VigNK, 0<t<tp.

Proof. To prove the lemma fix an open set D in C™ and a compact subset K of D.
Then choose n with 0 < 7 < 1 so that K + B(0,2n) C D. Since V satisfies PLjoc(0)
by hypothesis, there are positive numbers A, ry, and ro according to Definition 3.1.
Choose 0 < tg < « so that

(Y +t%2:0<t <ty, z€ K} C B(0,72),
v(t) # 0 for 0 < t < tp, and gtg + 71 < 2rq,

and let Ay := max (4‘4#, %) Then fix an arbitrary family (ut)tE]O,a[ of plurisub-

harmonic functions which have the properties given in the lemma. To prove (v) fix
an arbitrary point 2o € Vi ¢ N K.
If |Tm zg| > 7, then condition («) implies

1
U;t(ZQ) S 1 S —|Imzo| S A0|Imzo|
n

Hence () holds in this case.
If Imzp| < 7, then we will apply a localization argument as in the proof of
Lemma 3.3. To do so note that for each 0 < ¢ < a the map

Fia:Via—V, Fia(z)=n(t) +tlz,

is a holomorphic bijection by the definition of V; 4. Moreover, for z € V; 4 with
|z — Re zg| < n the choice of 1 implies

z=z—Rezy—ilmzo+ 20 € K + B(0,2n) C D,

since |Imzo| < 7. Hence we can define a map ¢ : V' — R as follows: If w =
y(t)+t%z € V and |z — Re 29| < 7, then denote by H the function from Lemma 3.2

and let
or(w) = tdmax{g (ut(z)+2H <Z—Re2’o>> ,|Imz|}.
n

Otherwise define
oi(w) == Imwl.

It is easy to check that ¢; is plurisubharmonic on V since for each point w =
v(t) + t?z in the boundary with respect to V of the set

{(y@t) +t2: 2 € Vig, |2 — Rezo| <},
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condition («) and the property 3.2(b) of H imply the following estimate:

tdmax{g (ut(z)+2H (Z_TRQZO>) : |Imz|}
gtdmax{ﬂ <1+2‘Im (LRQZO)‘ —1)7 |Imz|}
2 7
Im (%—l—z)

Next note that for w € VN B(0,71) the definition of ¢ and the property 3.2(a) of
H imply

= t¥Tm 2| = ¢* = Imw|.

ot (w) < max (tdg + 7'1,7'1) < 2rq,
by our choice of 1 and 9. From condition (3), the definition of ¢;, and the property
3.2(c) of H it follows that
wr(w) <0, we VNBO,r)NR"
Since V satisfies PLjo(0) we conclude from this that
wr(w) < 2r;Allmw|, w € VN B(0,rs).

Since 29 € V; ¢NK and 0 < t < ¢y the point wg := v(¢) +t%zo belongs to VN B(0,72)
by the choice of ty. Hence the definition of ¢; and the property 3.2(d) of H imply

211 At |Tm 2p| = 2r1 A|Tmwg| > 4 (wo)

td zo0 — Re z td
> % (Ut(ZO) +2H (%)) > %Ut(zo)-

Hence we get the estimate

4A
ue(20) < i

|Tm zo| < Ap|Im 2],

which proves (7). d

From [7], Theorem 3.7, it follows that for each pure dimensional algebraic variety
V in C™ which satisfies PLioc(§) for € € V NR™, the tangent variety T¢V satisfies
PLjoc(0). Using Lemma 3.4 and basic results from Meise, Taylor, and Vogt [24],
Section 4, we now show that PLj, is inherited even by tangent varieties along real
simple curves.

3.5. Proposition. Let V be an analytic variety of pure dimension k in C™ which
satisfies 0 € V. If V satisfies PLioc(0), then the following condition is satisfied:

x) For each simple curve v and each d € [1,00| the variety T, 4V satisfies
Vs
PLIOC(§) at each point E S T%dV NR™.

In particular, ToV satisfies PLioc(0).
Proof. To prove (x) we will use extremal plurisubharmonic functions which are
defined as follows (see Siciak [30], Zeriahi [36], or Meise, Taylor, and Vogt [24]):
Let V be an analytic variety in a domain D in C" and let E be a subset of D.
Then the extremal plurisubharmonic function Ug(+; V, D) of E relative to V and D
is defined as

Ug(z;V,D) :=sup{u(z) : w € PSH(V), u(¢) <1, (e VND, u|gnv =0}.
This is Definition 4.1 in [24] with h = 1.
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Next fix £ € T, 4V NR™ and let Dy := B(£,3). It is no restriction to assume
that v is defined on ]0, af and that V; 4 N Dy is a closed analytic subset of Dy for
each t € |0, . Then let

D:=B(£2) and K := B(1),

apply Lemma 3.4 with D and K to get positive numbers Ay and ¢y according to
3.4, and let

Ko:={xeR": |z - ¢ <2}.
To obtain a suitable estimate of the extremal functions Uk, (- ; V2,4 N Do, Do) on K,
fix 0 <t < tg, and v € PSH(V; 4 N Dy) and assume that

u(z) <1, 2€ V,qaNDy and ul|g,nv,, = 0.
Then define the family (u)rcjo,a by
ur :=0for 7 €]0,a and 7 # t and uy := u.
Obviously, (ur)rejo,qa[ satisfies the hypotheses of Lemma 3.4 and consequently
u(z) < Ap|llmz|, ze€V,qaNK.
By the definition of the extremal function, this implies
(3.1) Uk, (2, Via N Do, Do) < Agllm 2|, z € VigN K, 0 <t < to.

Now fix some sequence (t;)jen in 0, o with lim;_,o, ¢; = 0. By Theorem 2.7(d) the
sequence (th,d N Do) jen of varieties converges to T, 4 N Dy in the sense of Meise,
Taylor, and Vogt [24], Definition 4.3. Hence it follows from [24], Theorem 4.4, that
for each regular point z of T, ¢V in B(£,1) and each sequence (z;);en satisfying
zj € Vi;.q and z; — z, we have

UKO (Z; T’y’dV n Do, Do) < hmmf UKO(Zj; Vvtj’d N Do, Do)
j—00

From this estimate and (3.1]) it follows that
(3.2) Uk,y(z; Ty aV N Dy, Do) < Ao|lm z|, z € (Ty,qV )reg N B(£, 1).
To derive from (3.2) that T, 4V satisfies PLioc(§) fix uw € PSH(T, 4V NDy) satisfying
u(z) <1, z€ T, 4VNDgy, and u(z) <0, z €T, 4V NB(, g) NR".
Then the definition of the extremal plurisubharmonic function
Uko( - ;T5,aV N Do, Do)
implies
u(z) < Uk, (2;Ty,4V N Do, Dy), z € Ty qV N Dy.

By (3:2), this estimate gives

u(z) < Ao|llm z|, z € (T4,4V )reg N B(£,1).

Now our definition of a plurisubharmonic function implies that this estimate holds
on T, 4V N B(£,1). Hence u satisfies the conditions of Lemma 3.3(b) with r; =
3,72 ="5/2,r3 =1, and A = Ay. Consequently, T, 4V satisfies PLioc ().

To prove the additional statement, fix £ € R™ with |{| = 1 and let v := ]0,1[—
R™, 4(t) := t€. Then 2.7(b) implies T,V = ToV — . By (x), T,1V satisfies
PLjoc(—€), hence TyV satisfies PLjoc(0). O
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In order to derive further necessary conditions for PLj,., we recall the local radial
Phragmén-Lindel6f condition RPLj,. from Meise, Taylor, and Vogt [24], 2.3. Tt is
easy to see that the definition given here is equivalent to the one in [24], 2.3. Further
equivalent formulations—analogous to those given for PLj,. in Lemma 3.3—can be
derived from [8], Lemma 8.

3.6. Definition. For { € R"™ and ro > 0let V be an analytic variety in B(&,r) which
contains £&. We say that V satisfies the condition RPLj..(£) if there exist positive
numbers A and rg > r1 > ro such that each u € PSH(V N B(0,r)) satisfying

(o) u(z) <1, ze VN B(0,r;) and

(B) u(z) <0, z€e VNR"N B(0,rs2)
also satisfies

() u(z) < Alz=¢|, z€ VN B(0,r).

3.7. Remark. Let V be an analytic variety in some open set in C™. If V satisfies
PLjoc(§) at some & € V NR™, then Lemma 3.3 implies obviously that V satisfies
RPLjoc(€). Hence it follows from Meise, Taylor, and Vogt [24], Lemma 2.8, that V'
satisfies the dimension condition at &, which is defined as follows:

3.8. Definition. Let V' be an analytic variety in a neighborhood of a point ¢ €
V NR"™. We say that V satisfies the dimension condition at £ if for each locally
irreducible component W of V' at £, the dimension of W NR"™ as a real analytic
variety is equal to the dimension of W at & as a complex variety.

In order to state and to prove further necessary conditions for PLj,.(£) we in-
troduce the following notions:

3.9. Definition. Let V be an analytic variety in C™ which is of pure dimension
k>1in ¢ € V. A projection 7 : C* — C" is called noncharacteristic for V
at ¢ if its rank is k, its image and its kernel are spanned by real vectors, and
TV Nkerm = {0}.

Remark. Let V be an analytic variety of pure dimension k£ in a neighborhood of
¢ € C™ with ¢ € V. Then there exist noncharacteristic projections for V' at (.

Proof. We may assume ¢ = 0. Let Grass(n — k,n) denote the (complex) Grass-
mannian, i.e., the manifold of all linear subspaces of C" of dimension n — k, and let
Grassg(n—k,n) be the real Grassmannian. Then Grassg(n—k,n) C Grass(n—k,n)
canonically. Note that L € Grass(n — k,n) is in Grassg(n — k,n) if and only if
all its Pliicker coordinates are real. Since no nonzero polynomial vanishes on all
real points, this implies that the real Grassmannian Grassg(n — k,n) is dense in
Grass(n—k,n) in the Zariski topology. On the other hand, it is well known that the
linear subspaces of C™ of dimension n — k intersecting V' transversally at 0 form an
open and dense subset of Grass(n — k,n) (cf., e.g., [14], 3.8, proof of Corollary 2).
Hence there is also L € Grassg(n — k,n) intersecting V' transversally at 0. Any
projection m whose kernel is the complexification of L and whose image is spanned
by real vectors is noncharacteristic for V' at 0. O

3.10. Lemma. Let V be an analytic variety in C™ which contains the origin and
which is of pure dimension k > 1. If 7 : C* — C", 7(2',2") € CF x C" 7% s
noncharacteristic for V. at 0, then there exist C > 1 and 0 < rg < 1 such that for
0 < r <ryg we have

V N (B*(0,r) x B"%(0,4Cr)) Cc V N (B*(0,7) x B"*(0,3Cr)).
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Proof. At first we claim that there is C' > 1 such that
(3.3) |2"] < C|7'| for all (2/,2") € TyV.
To prove this let
§ = inf{|m(w)| : w € TV, |w"| =1}.

If we assume that 0 = 0, then there exists a sequence (w;);en in TV, w; = (w;, w;-’)
satisfying lim; .o wj = 0 and |w}| =1 for all j € N. Passing to a subsequence we
find (0,w})) € ToV with |w{| = 1, in contradiction to 7 being noncharacteristic for
V' at the origin. Hence we have § > 0. From this and a standard scaling argument
we get (3.3) with C'=1/4. Of course, we may assume C' > 1.

Next let V; := %V for 0 < t < 1 and define

K := B¥(0,2) x B"=%(0,4C) and G := (TpV N K) 4+ B*(0,1) x B"7%(0,1).
By [9], 3.13, and Lemma 2.8 there exists 0 < 7 < 1 such that
(3.4) ViNK C G for allt € ]0,7].

Now fix 0 <t < 7 and z € V; N B¥(0,1) x B"7¥(0,4C). Then z = (2/,2"") belongs
to V; N K and hence to G by (3.4). This implies the existence of ¢ € ToV N K such
that

|2/ —{'| < land |2" - "] < 1.
From this and (3.3) we get |¢'| < 2 and
|27 < 2" ="+ <" <1+ C|¢'| < 1+ 2C < 3C.
Thus we have shown
Vi N (B*(0,1) x B"7%(0,4C)) ¢ V; n (B*(0,1) x B"%(0,3C)), 0 <t < t.
Since V; = %V, this implies the assertion of the lemma. O

3.11. Definition. Let V be an analytic variety of pure dimension k£ in C™ which
contains the origin, let v be a real simple curve, let d > 1, and let ¢ € T, 4V NR".
We say that V is (v, d)-hyperbolic at ¢ with respect to a projection = : C* — C”
which is noncharacteristic for 7', 4V at ¢ if there exist a zero neighborhood U in
C™ and r > 0 such that z € VNI'(y,d,{ + U,r) is real whenever m(z) is real. V
is called (v, d)-hyperbolic at ¢ if it is (v, d)-hyperbolic at ¢ with respect to some
projection 7 as above.

3.12. Proposition. Let V' C C" be a pure k-dimensional analytic variety in C™
which contains the origin and satisfies PLio(0), and let d > 1. Then for each
real simple curve v: |0,af — R™, each & € (T,4V)reg NR”, and each projection
w: C" — C™ which is noncharacteristic for Ty 4V at §, V is (v, d)-hyperbolic at &
with respect to .

Proof. After a real linear change of variables we may assume C” = C* x C"~* and
m(2',2") = (#/,0) for z = (/,2") € C* x C"*. Since 7 is noncharacteristic for
T4V in € we get from Lemma 3.10 the existence of numbers ¢’ > 0 and 0 < ¢/ < &”
such that with £ = (¢/,£") we have

Bk(f,,EI) % Bn—k( ”,6”) ﬂT%dV cC Bk(f,,EI) % ank( /,,6,1/).
Since ¢ is a regular point of T, 4V, we may assume that ¢’ is chosen so that there
exists a holomorphic map g : B¥(¢/,¢') — B"~*(¢” €) such that

Ty.aV N BME &) x B"ME" e]) = {(w, g(w)) : w € B*(¢, )}



1332 R. W. BRAUN, R. MEISE, AND B. A. TAYLOR

Next fix 0 < &} < e <&’ and €] < &) <&’ and let
D= BHEeh) x B H(¢" ), Q= D, and K = BN@,2) x Brr (@ )).

Since K is a compact subset of D we can apply Lemma 3.4 to these sets and
(Vi,d)te)o.a] to get Ag > 0 and 0 < o < « so that the conclusion of that lemma
holds. Furthermore, the differentiability of g on B*(¢’,¢’) implies the existence of
C > 0 such that

lg(u) —g(w)| < Clu—w|, u,we B¢, e5).
Now choose 0 < 1 < (14 Ag)~1(1 + C)~! so small that
Q+ B"(0,1) C B*(¢',¢') x B"M(¢",€").
Then note that by Lemma 2.8 there exists 0 < t; < ¢y such that
ViaNQ CT,dVN(Q+B"0,n), 0<t<t.

In order to apply Lemma 3.4 define the family (ut)igjo,o[ Of functions u; €
PSH(V; ¢ N D) as follows: If t1 <t < a then u; := 0 and if 0 < ¢ < ¢; then

u(w, s) := (Ao + 1)|Im(s — g(w))|, (w,s) € V,aND.
To show that (u)icjo,q| satisfies the condition 3.4(«), note first that
T,aVNQ ={(u,g(u): ¢ —ul <er}.

Then fix 0 < ¢t < t; and (w,s) € Vi,gND C V, 4N Q. By the choice of ¢; there
exists (u, g(u)) € Ty ¢V N Q such that

[(w,s) = (u, g(w))| <.
From this and our choices above we get

Is = g(w)] < |s = g(u)| +[g(u) — g(w)] <n+Clu —w[ <n(C+1) < yIt

Obviously, this implies
ut(w, s) = (Ao + 1)|Im(s — g(w))| <1, (w,s) € Vi,aND, 0 <t<ty.
Hence the estimate 3.4 («) holds.
To show that 3.4 () also holds, note first that T, 4V satisfies PLioc(§) by Propo-

sition 3.5. Hence T’y 4V satisfies the dimension condition at £, by Remark 3.7. Since
¢ is a regular point of T, 4V, this implies that g(w) is real for real w and hence

u(w,s) <0if (w,s) € Vi,aNDNR™, 0 <t <ty.
Thus (ut)iejo,qa| also satisfies condition 3.4(3). By Lemma 3.4, (u¢)iecjo,qf also sat-
isfies (), i.e.,
u(2) < AglImz|, zeVigNK, 0<t<t.
Now fix (w,s) € V; g N K and assume that m(w,s) € R®. Then w € R¥ implies
g(w) € R"* and consequently
(Ao + 1)[Im s| = (Ap + 1)|Im(s — g(w))| = us(w, s) < Ap[Im s].

From this we conclude that Ims = 0, i.e., (w, s) € R™.

Let U := B*(0,€}) x B"7%(0,€}) and assume that for

(Cv J) evn F(’Ya da g + U; tl)v

m(¢,0) = ( is real. Then there exist ¢t € ]0,#1[ and (w,s) € & + U such that
(¢,0) = v(t) + t%(w, s). Hence (w,s) € V;,q N K and w € R™. By the above, this
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implies s € R"™* and consequently (¢,o) € R™. Thus V is (7, d)-hyperbolic at &
with respect to . O

Combining Proposition 3.5 and Proposition 3.12, we have proved the following
necessary condition for PLj.

3.13. Theorem. Let V' be an analytic variety of pure dimension k > 1 in C™ which
contains the origin. If V satisfies PLioc(0), then for each real simple curve  in C™
and for each d > 1 for which T, 4V # 0, the following two conditions hold:

(a) Ty,q4V satisfies PLioc(C) for each ¢ € T, 4V NR™.
(b) V' is (v,d)-hyperbolic at every real point of T., 4V which is reqular.

3.14. Definition. If V satisfies the conditions of Theorem 3.13, then we will say
that V' is hyperbolic in conoids at the origin.

For analytic curves in C" and for surfaces in C? the conditions in Theorem 3.13
are actually characterizing. To prove the first statement together with another
equivalent formulation, we recall the following definition from Andersson [1], resp.
Hormander [I7], Definition 6.4.

3.15. Definition. Let V' be an analytic variety of pure dimension k in C" and let
& € VNR™ We say that V is locally hyperbolic at £ if there are a neighborhood U
of £ and a projection 7 : C" — C™ which is noncharacteristic for V' at £ such that
z € V.NU is real whenever 7(z) is real.

For n = 2 the following result is already contained in Braun [5] and Zampieri
[33).

3.16. Proposition. Let V C C" be an analytic variety of pure dimension 1 which
contains the origin. Then the following assertions are equivalent:
(a) V satisfies PLioc(0).
(b) There exist a real linear change of variables as well as positive numbers
p and 8, k € N and holomorphic maps g; : B*(0,p) — C"~! satisfying
g;(BY(0,p) NR) C R"~1 1 < j <k, such that

k

VN (BY(0,p) x B"(0,8) = | {(21,95(21)) : 21 € B'(0. )}
j=1

(¢c) V is locally hyperbolic at 0.

Proof. (a) = (b): Since V satisfies PLjoc(0) if and only if each irreducible compo-
nent of V' has this property, assume first that V is locally irreducible in 0. Then
there exists a € C™ such that ToV = C - a, by Chirka [14], Proposition 8.1. Since
ToV satisfies PLjoc(0) by Proposition 3.5 and consequently the dimension condi-
tion, it follows that a = Ab for some b € R", A € C. Performing a real linear
change of variables, we may assume that b = eq, the first canonical basis vector of
C™. Then 7 : C"* — C", 7(z) = (#1,0,---,0) is a noncharacteristic projection for
V. Moreover, it follows from Chirka [14], Proposition 8.1, that there are £1,e2 > 0
such that for U := B1(0,&1) x B"~1(0,e2) we have

(3.5) VAU ={(z%) a;z’), |z <er},

Ji>q
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where a; € C"™! for j > q. For vy : t — +eqt,t > 0, we get by (3.5) from Theorem
2.7(b) that T.,, 1V = TV F eq. Since %e; is a regular point of 7oV, 0 is a regular
point of T, 1 V. By Proposition 3.12 this implies that V is (74, 1)-hyperbolic in
the cones I'(y4, 1, U*,r) for the projection 7 defined above, some r > 0, and some
zero neighborhoods U* in C". Consequently we have

(3.6) g(z) = Zajzj is real whenever z? € |—r,r|.

J>q
In particular, g(z) is real for real z near the origin and hence a; € R™~! for all
j > ¢. Now this and (3.6) imply a; = 0 whenever j is not a multiple of g. Therefore
we may assume ¢ = 1 and obtain the assertion (b) if V' is irreducible.

If V is reducible, we decompose V' = U§:1 V; into its irreducible branches. Then
the hypothesis in (a) implies that we have TV = U];:1 Cb,, where b, € R™\ {0} for
1 < v < k. Now choose a real hyperplane H in R" satisfying b, ¢ H, 1 <v <k,
and m € R", m ¢ H. If H = span{nz--- ,n,}, then it follows easily from the
considerations in the first part of the proof that (b) holds in the coordinates induced
by the basis (71, -+, 1n).

(b) = (c): Denote by m : C* — C" the map which is defined by m(z) :=
(21,0,--+,0) in the coordinates existing by (b) and let U := B*(0, p) x B"~1(0, ).
Then it is an obvious consequence of (b) that V is locally hyperbolic in 0.

(¢c) = (a): It is no restriction to assume that the projection 7 which exists
by (c¢) has the form w(z) = (z1,0,---,0). Since 7 is noncharacteristic, we have
ToV Nker m = {0}. Hence we can choose p > 0 and ¢ > 0 so that

VNn{(z1,2) €C": |z1| < p, 2] =6} = 0.
To prove that V satisfies PLjoc(0) let 1 := min(p, ) and fix u € PSH(V N B(0,71))
satisfying (o) and (3) of Definition 3.1. Then define ¢ : B'(0,71) — [—o0, 0o[ by
P(A) :=max{u(z):z €V, n(z) = (A\,0,---,0)}.

Then ¢ is subharmonic in By := {A € C: |A\| < r1,Im £ > 0} obviously, ¢(A) <1
for A € Bi. Since z is real when 7(z) is real, it follows that ¢(A) < 0 for A €
0B+ NR. Hence a classical estimate for the harmonic measure of the half disk (see
Nevanlinna [28], 38) implies the existence of A > 0, depending only on r;, such
that

o(\) < AlIm )|, A€ BY(0, %1).
By the definition of ¢ this implies
u(z) < Allmz| < Allmz|, z€VnB"(0, %1)
Hence V satisfies PLjoc(0). O

Using Proposition 3.16 we can now reformulate some of the conditions in Theo-
rem 3.13 for surfaces in C3, using the following lemma.

3.17. Lemma. Let V C C3? be an analytic surface which contains the origin.

(a) If V satisfies PLioc(0), then for each real simple curve v and for each d > 1
the limit variety T, qV is locally hyperbolic at each of its real points.
(b) If ToV satisfies PLioc(0), then ToV is locally hyperbolic at each & € ToV N

RS, £ # 0.
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Proof. (a) By Theorem 2.7(c) we can choose coordinates X in C3 so that
(3.7) T%dV =Cx C%d’x,

where (., 4 x is an algebraic curve in C2. Since T, 4V satisfies PLioc(§) for each
€ € T, qV NR3 by 3.13(a), it follows easily from (3.7) that C., 4 x satisfies PLioc(n)
for each n € C, 4 x NR%. By Proposition 3.16, this property is equivalent to C, 4 x
being locally hyperbolic at each n € C,, 4x NR?. From this and (3.7) we get (a).
(b) Since TV is a homogeneous variety, it suffices to prove (b) for all £ €
ToV NR3,|¢] = 1. Fix such a ¢ and let v : t — t&, ¢ > 0. Then Theorem 2.7(b)
implies Ty 1V = ToV — £ and hence 0 € T, 1 V. By Proposition 3.5, T, 1V satisfies
PLioc(0); consequently TV satisfies PLjo.(£). By Braun [5], Corollary 12, this
implies that Ty V is locally hyperbolic at &. O

Remark. Note that in Lemma 3.17(b) TV need not be locally hyperbolic at the
origin, as the example

V= {(z,y,2) € C*: 2% + 4> + 2° = 0}
shows. Here V' = Ty V satisfies PLjoe(0) but V is not locally hyperbolic at zero.

The following lemma provides a rather coarse but useful necessary condition for
PL16c(0).

3.18. Lemma. Let V be an analytic variety in B"(0,79),70 > 0, which contains
the origin. If V satisfies the dimension condition at 0, then the vanishing ideal

I(V):={fe€0O(): f |y =0}
is generated by holomorphic generators having real Taylor coefficients.

Proof. Fix f € I(V) and choose 71 < 7o such that f |ynp(o,r) =0 and
f(z)= Z aqnz®, z€ B"(0,r1).

|a|>0

Let uq := Re(aq), vq := Im(as) and define

fR(Z) = Z uazaa f](Z) = Z vaza~
|| >0 || >0
Then f and fr + if; coincide on R™ N B(0,71), hence fr and f; vanish on V N
R™N B(0,r1). Since V satisfies the dimension condition, this implies that fr and
f1 belong to I(V). O

Remark. Tt follows from Cartan [13], Propositions 11 and 12 that V N R™ is real-
analytic coherent if V' satisfies the dimension condition at each real point. In
particular, Lemma 3.18 is a variant of [13], Proposition 8.

We conclude this section with two lemmas concerning (v, d)-hyperbolicity that
will be used subsequently.

3.19. Lemma. Let V be an analytic variety of pure dimension k in C™ which
contains the origin. Let y be a real simple curve in C", d > 1, and k € (T 4V )reg N
R™. If V is (v, d)-hyperbolic at k, then V is (v, d)-hyperbolic at k with respect to
each projection ™ which is noncharacteristic for Ty 4V at k.

The proof of Lemma 3.19 is given in Section 5 following Lemma 5.7 since it
requires results and a definition which we provide only in that section.
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To formulate a lemma which will be used in Section 5 for the proof that PLj,.(0)
can be determined by investigating a finite number of conditions we introduce some
notation:

Let V be an analytic surface in C® which contains the origin, let v be a real
simple curve in C3, and let d > 1 be given. The argument for d = 1 is very similar
and will be sketched below.

Let & denote the tangent to + at the origin and choose a basis (e, ea, e3) of R3
such that e; = &y, such that es,es &€ ToV, and such that ey and es are non-
characteristic for the algebraic surface T, 4V C C3. It is no restriction to assume
that (er, ez, e3) is the standard basis of R®. Denote by 72 and 73 the projections
7o (21, 22, 23) = (#1,23) and ms(21, 22, 23) = (21, 22), respectively, and by B; the
branch locus of 7;: V' — m;(V), j = 2,3, in the sense of Chirka [14], 2.7 (see also
Definition 4.2 below). Note that by Theorem 2.7(c) there is an algebraic curve W
in C? such that 7, 4V = C x W. Let Wy := {0} x W and define

M := (T, 4Bs UTy aB3) N (TyaV )reg N ({0} x R?).

Note that this implies M C (Wy)reg- Let F' be a set which contains exactly one
point in each connected component of (Wy)yeg NR3 \ M and set

F.=FUM.

For the case d = 1, choose a basis (e1, 2, e3) of R® such that eq, ez, and e3 are
noncharacteristic for T, 1V and assume again that (e1, ez, e3) is the standard basis
of R3. Let mp and 73 be as before and define 71 (21, 22,23) = (22,23). Note that
T,.1V =TV — & by Theorem 2.7(b). Finally, set

M= (Ty1BiUT,1BaUT, 1B3) N (Ty,1V )reg N (5% — &)
and define F' and F as before.

Now the following lemma holds:

3.20. Lemma. Under the hypotheses stated above, F is a finite set, and V is (y,d)-
hyperbolic at each ¢ € (Ty 4V )reg NR3 if and only if V is (v, d)-hyperbolic at each
CeF.

Proof. The proof will only be given for d > 1, the other case being completely
analogous. For j = 2,3 the limit variety T, ¢B; is the union of a finite number of
lines parallel to e; by Theorem 2.7(c). Hence M is finite. This shows in particular
that (Wo)reg NR3\ M is semi-algebraic, thus it has only a finite number of connected
components by Bochnak, Coste, and Roy [3], Théoréme 2.4.4. Hence F is finite.

Now fix a connected component G of (Wy)ree NR3\ M. By the choice of F
there is exactly one point, say ¢, in F' N G. Next note that by the definition of
(v, d)-hyperbolicity, the set

Gy :={ne€ G: Vis (vy,d)-hyperbolic at n}
is open in G. We will show that

G_:={ne€ G: Visnot (v,d)-hyperbolic at n}

is also open in G. Then it follows that V is (v, d)-hyperbolic at each n € G if and
only if V' is (v, d)-hyperbolic at (.

To show that G_ is open, fix n € G_. Then 7 is a regular point of W,. Hence
there exists a neighborhood U of 1 such that at least one of the projections
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and 73 is noncharacteristic for each Kk € U N Wy NR3. Assume it is 7. By the
choice of G, we may assume that U is so small that U N T, aB2 = 0. We claim that
this implies the existence of r > 0 such that T' := T'(v, d, U, r) satisfies ' N By = 0.
To show this, assume for contradiction that there are sequences (¢, )nen of positive
numbers and (uy)pen in U with y(t,) + tdu, € Bs. Then (un)neny admits an
accumulation point u € U. On the other hand, Definition 2.6 implies u € Ty, aBs.
This is a contradiction.

Since 7y is noncharacteristic for 7', 4V at 0, an application of Lemmas 2.8 and
3.10 as in the proof of Proposition 3.12 yields a polydisk U; C U and 0 < r; < r and
hence a conoid I'; := T'(v,d,Uy,71) such that mo: VN Ty — m2(T'1) is an analytic
cover, which is unramified by the argument of the last paragraph. Hence V NT'; =
Ulel Wi, where the W, are mutually disjoint and the maps u; = ma|w,: W; —
mo(T'1) are biholomorphic. Since V' is not (v, d)-hyperbolic at 7, there is a sequence
(nj)jen in V '\ R3 such that ma(n;) € R? for each j and such that

lim_ ¢ %(n; —v(t;)) = 7,
j—00

where ¢; is the first component of n;. We may assume without restriction that all
7n; are in Wi. Then not all coeflicients of the Taylor series expansion of the third
component of ufl are real. Hence V is (v, d)-hyperbolic at no point in T, 4W; NR3.
Since the latter is a neighborhood of 7 in G, the claim is shown. O

4. CRITICAL LEVELS

To show that the necessary conditions in Theorem 3.13 are actually sufficient
for PLjoe(0) for analytic surfaces V in C?, we have to analyze very carefully the
branching behavior of V' near the origin with respect to various coordinate choices.
This analysis is prepared in the present section by the concept of critical levels.

4.1. Notation. Let V be an analytic surface in C3 which contains the origin and
denote by Vi,...,Vi,, the irreducible components of the germ [V]y of V' at the
origin. Choose r > 0 so small that V; N B(0,r) is the zero set of a holomorphic
function f; which is an irreducible element of the ring of holomorphic functions on
B(0,r) for 1 < j < m. Then f := H;nzl fj is a holomorphic function on B(0,r)
which is square-free and has V' N B(0,r) as its zero set.

4.2. Definition. For V and f as in Notation 4.1 and ¢ € R3 \ TyV we define the
branch locus B¢ of V' with respect to any projection along & as in Chirka [14], 2.7.
In this particular situation we have
of
Be={z€eV:—=(2)=0

where g—g denotes the directional derivative of f in direction &.

4.3. Lemma. For each analytic surface V in C> which contains the origin, the
following assertions hold:

(a) For each & € R3\ TyV the set Be is either empty or an analytic variety of
pure dimension 1.

(b) There exists ¢ € N such that for each & € R3\ ToV with 0 € B, each

irreducible component [Welo of the germ [Belo, and each basis (b1,b2,b3) of
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C3 with by € ToWe, there are asj,as; € C, j > q, such that for a suitable
neighborhood U of the origin and suitable § > 0

Wg NU = {tqbl + ZGQJ tjbg + Za&j tjbg : |t| < 5}
7>q i>q
Proof. Note first that the case of a general surface V' can be reduced to the special
case that [V]o is irreducible. To see this, choose r > 0 such that V is defined

in B(0,r) as the zero set of f and such that the assumptions of Notation 4.1 are
satisfied. Then we have for each £ € R3\ ToV

Be(V)=JBe(Vp)u |J VinW
j=1 Jok=1,5#k

Hence it suffices to prove the lemma in the special case. In this situation we
distinguish two cases:

Case 1: For each ¢ € S? the function (V£,() does not vanish identically. To
prove (a) assume that for some ¢ € S? the assertion in (a) does not hold. Then
dim Be = 2 and it is no restriction to assume that £ = (1,0,0). Since f is locally
irreducible at zero, the assumption implies that f is a factor of g—fg = g—zfl. Then let

W = {(22, 23) € B2(0,7) : £(0, 29, 23) = 0},

and note that 0 € V implies 0 € W, hence dim W > 1. Next fix (we,ws) €
W\ {(0,0)}. If we assume that h : z; — (21, ws, w3) does not vanish identically,
then there exists k& € N such that h has a zero of order k at the origin. Hence
%(g Wy, w3) = (‘?Thl has a zero of order £ — 1 at the origin. Since f is a factor of
%, this leads to a contradiction. Hence h vanishes identically. This implies that
f vanishes on (C x W) N B3(0,r). Since f is irreducible it follows from this that
f=f(0,-,-) and hence g—zfl = 0. Since this contradicts the hypothesis in the present
case, we proved part (a) in this case.

For the proof of (b) in the present case note first that it is enough to consider
¢ € R? with [£] = 1. We show first: For each & € S? (which may even be
tangential) there are M € N and § > 0 such that for each & € S? with | — &| < §
the multiplicity po(Bg) in the sense of Chirka [Ch], 11.1, does not exceed M.

To prove this, fix § € R3. If 0 € Bg, we choose coordinates so that & = (1,0,0)
and so that each ¢ = ((1,(2,(3) € ToBg, \ {0} satisfies (2 # 0. Then for £ € S? we
define
’ Z_J; (Z)7 ZQ)'
Note that 0 € Bg, implies F¢,(0) = 0, while the choice of the coordinates implies
that the origin is an isolated zero of Fg,. Hence there is a zero neighborhood
U c B?(0,r) such that

{2 €U : Fe(2) =0} = {0} and 6; := 12(19%|F§0 (z)] > 0.

Fe: B3(O,r) — C3, Fe(z) .= (f(2)

If 0 & Be,, then define F¢ as above for some choice of coordinates. Then F¢(0) #
0 and we can choose a zero neighborhood U C B?*(0,r) and d; > 0 such that
min, 5| Fe, (2)| > 01. Since F¢ depends continuously on &, there is § > 0 such that

J— 3 2 i —
max |Fe(z) — Feo(2)] < 01 < min |F, (2)] for § € 5% with [€ — | <.
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Denote by po(Fe) the multiplicity of the map F¢ as defined in Chirka [I4], 10.2.
Then Rouché’s theorem [14], 10.3, Theorem 1, implies po(Fe) < po(Fe,) =: M if
|€ — &| < 6. The multiplicity is defined as follows: Pick a neighborhood Us of 0
such that F¢ : U — Us is proper; then

po(Fe) = T #(F¢ (w) N D).

In particular, for zp sufficiently small, there are at most M points in Be whose
second coordinate equals zo. In other words, po(Be) < M. Since 52 is compact,
this implies that

m := max{uo(B¢) : € € S?}

is a nonnegative integer. We define ¢ := m!. To complete the proof of part (b),
fix £ € R3\ TyV with 0 € B, let [We]o be an irreducible component of [Belo, and
pick a basis (b1, ba, b3) of C* with by € ToW. By [14], 6.1, W admits a Puiseux
series expansion at the origin, i.e., there are p € N, a neighborhood U of zero, and
az,j,as,; € C such that

o0 o0
WenU = {tpbl + Z a27jtjb2 + Z a37jtjb3 : |t| < 5}
Jj=p+1 Jj=p+1

This representation implies p = po(We) < po(Bg). Hence ¢ is a multiple of p and
we may as well use ¢ instead of p.

Case 2: There exists ¢ € S? such that (Vf,¢{) = 0. It is no restriction to
assume ¢ = (0,0,1). Then f is a function of the first two coordinates only. We
start with the proof of (b). As & ¢ TyV, there is a neighborhood U of 0 such that
V' NU is given by a Weierstrafl polynomial in z;, which we assume to be f. The
discriminant A of f with respect to z; is an analytic function of zo. Since f is
irreducible, it cannot share a common factor with g—i. Hence A # 0 and thus A
admits a finite number w1, ..., ws of zeros in a suitable neighborhood of the origin.
Since f is a Weierstrafl polynomial, no function f(-,w;) vanishes identically. Hence
Be is the union of lines of the form {(z;;,w;)} x C. This proves (b). Now claim
(a) is immediate. O

4.4. Definition. Let V be an analytic surface in C* which contains the origin, ~y
a real simple curve, d > 1, and A # C? a closed analytic set in C3. Then § > d is
called A-admissible for =, if for each £ € R3\ A, each real simple curve 7 which is
equivalent to v modulo d and satisfies tr(7) C B is already equivalent to v modulo

J.

4.5. Lemma. Let V be an analytic surface in C* which contains the origin, v a
real simple curve, and A a closed analytic set in C3 which satisfies ToV C A # C3.
Then for each d > 1 there is A4 (v, d) € |d, 0] such that

{6 >d: 0 is A-admissible for v} =[d, A (v, d)].
If A4(v,d) < oo, then A (v, d) is not A-admissible for .

Proof. Obviously d is A-admissible for . Hence it suffices to show that for each
A > d which is A-admissible, there exists € > 0 such that each § € [A, A + ¢
is A-admissible. To do this, fix such a number A ¢ € R3\ A, and a real simple
curve 7 which is equivalent to v modulo d and satisfies tr(7) C Be. By Lemma
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4.3 there exists ¢ € N, only depending on V and not on 7 such that for suitable
b;j(€) € R3, j > g, we have

(1) = 3 by (O,

Since v and 7 are equivalent modulo A we may assume by Lemmas 2.15(a) and 2.5
that both v and 7 are in standard parametrization with respect to the same real
basis of R3. Assume that in these coordinates, v(t) = E;}iz a;t/! for some [ € N.
Then Lemma 2.15(b) implies that for some 1 > 0 we have

Agq Al
(4.1) S b= at!t, teon[.
Jj=q j=l

Obviously, this implies that there exists € > 0, not depending on £ and 7, such that
(4.1) holds for A replaced by A+ . Hence v and 7 are equivalent modulo § for all
§ € [A, A +¢]. This proves the first assertion. If A%(y,d) would be A-admissible,
the previous argument shows that for some € > 0 all § in [d, A% (7, d) + [ would be
admissible, contrary to the definition of A% (v, d). O

Remark. We do not know whether A4 (v, d) actually depends on the choice of A as
long as ToV UTy(T,,q4V) C A.

4.6. Definition. The number A#(v,d) from Lemma 4.5 is called the A-critical
level of the pair (v, d).

4.7. Definition. For V,~,d as in Definition 4.4 and n € T, 4V NR3 let A =
T,/(Ty aV)UToV. We say that 7 is a simple point of T., 4V if there exist £ € R?\ 4,
a zero neighborhood D in C?, and p > 0 such that there is at most one real branch
T of B¢ NR3 which is contained in I'(y,d,n + D, p).

4.8. Lemma. Let V, v, and d > 1 be as in Definition 4.4 and let q denote the
number from Lemma 4.3. Let n € Ty 4V NR3 be arbitrary if d > 1, set n =0 if
d =1, and set y, : t — y(t) + nt? in both cases. Assume n € T, 4V NR3 is not
simple and let A := T, (T, 4V)UToV. Then A = To(T,, aV)UToV and there exvists

v eN, v>dg, such that A (v,,d) = %.

Proof. To show that A := A“(y,,d) is finite, fix £ € R3\ A. Since 7 is not a simple
point of T, 4V NR3, there are at least two branches S, T of B¢ NR?\ {0} which
both have nonempty intersection with I'(y,d,n + D, R) = I'(v,,d, D, R) for each
zero neighborhood D in C3 and each R > 0. Thus, S and T are equivalent to v,
modulo d. Since S and T are different, it follows from Lemmas 2.5 and 2.15 that
we can choose § > d so large that one of these branches is not equivalent to ~,
modulo . Hence ¢ is not A-admissible for v, and we have A < § < oo.

Since A is not A-admissible for v, there exist £ € R?\ A and a real simple
curve 7 with tr(7) C B¢ which is equivalent to v, modulo A —efor 0 <e < A—1
but which is not equivalent to v, modulo A. Since 7 and 7 have the same tangent
vector at the origin, it follows from Lemma 2.5 and Lemma 4.3 that we can choose
standard parametrizations Y°7, a;#//! for y and Y 32 bt/ for T with respect to
the same coordinates. Then it follows from Lemma 2.15 that for 0 < e < A —d we
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have
(A—e)l (A—e)q
S a4t =" bt?e
Jj=l Jj=q

while

Al Agq
D aitht gt £ bt/
j=t =

where n = 0 if d = 1. It is easy to check that this implies A = % for some v € N.
Since d < A, we get dqg < v. Since T, 4V is the translate of T’, 4 by 7, we have
T,(Ty,aV) = To(T,,.aV) and the proof is complete. O

Remark. In Proposition 4.11 below, a lower estimate for A4 (v, d) is derived under
stronger hypotheses than those in Lemma 4.8.

4.9. Lemma. Let V be an analytic surface in C* which contains the origin and let
~ be a real simple curve in R3 with tangent vector & at the origin. Then we have:
(a) Assume d = 1,7(t) = &t, and n € T,1V NR3. Then 1 is a simple point of
T,1V if and only if T(n + &) — & is a simple point of T 1V for each 7 > 0.
(b) Assume d > 1 and n € T, 4V NR3. Then n is a simple point of T, 4V if
and only if n + 7€ is a simple point of T, 4V for each T € R.

Proof. (a) By Theorem 2.7(b), we have T, 1V = ToV — . Since TyV is a complex
cone, it follows easily that

n € T,1VNR?if and only if 7(n + &) — € € T, 1V NR? for each 7 € R
and that

Ty(Ty V) = Ty(ToV = &) = Tye(ToV) = Tr (i) (ToV) = Tr(re)—e(Th 1 V).
Next note that for each zero neighborhood D in C?, R > 0, and 7 > 0, we have

R
PonLrn+8) =670, =)= |J st+s(r(n+&) —&+7D)
0<s<R/T

= |J stm+9+stD= |J &+tl+D)=T(y,1,n+D,R).
0<s<R/T 0<t<R

From these facts it is now obvious that (a) holds.
(b) Note first that by Theorem 2.7(c), n € T, 4V is equivalent to n+ 7€ € Ty ¢V
for each 7 € C and that therefore

Ty(Ty,aV) = Tyre(Ty,4V) for each 7 € C.

As in part (a) the claim follows if we show that for each 7 € R, each absolutely
convex zero neighborhood D in C3, and each R > 0, there are zero neighborhoods
D1, D5 in C3 and Ry, Ry < R such that

F('Yadan_’_DaRl/Z) - F(77d777+7-§+D17R1) and
F(77d7n+7§+DaR2/2) - F(77d777+D27R2)-

To prove this, fix 7, D, and R and assume that v(t) = &t + o(t), where o(t) =
PR a;t7/ for 0 < t < a. Then there is C' > 0 such that

(4.2)

lo’(t)] < CtY9 for 0 < t < /2.
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If we let s := s(t) := t + 7t%, it follows from d > 1 that there is ¢; > 0 such that
0<s(t) < Rif 0 <t < ty. By the mean value theorem we get

lo(t) —o(s)| < C sup [t+9(s — )|V |t —s| < C(t + 7)Y 9714
0<i<1
and hence
o(t) — a(s(t)) € t?D whenever 0 < t < R;.
Next note
|(1 + 7_td—l)d _ 1| < (1 + Ttd_l)d_letd(d_l) < 27_dtd(d—1).
This implies
s'(n+ D) = t*(n+ D) +t*[(L + 7t*"")* =1](n + D) < t*(n + 2D)
whenever 0 < t < Ry, provided that R; is small enough. Altogether we proved that
v(s) + 5% (n+ D) = s€ + o(s) + s%(n + D) = t& + t*(n + 7€ + D)
=t&+o(t) +t'(n+ 7€+ D) + (o(s) — o(t)) + 5% (n + D)
C () +t(n+ 7€ +3D).

From this we get the first assertion in (4.2). The second one follows by the same
arguments. (I

Remark. Under the hypothesis of Lemma 4.9, for n € ToV NS? and £, € S, n—¢
is a simple point of T, 1V if and only if n — ¢ is a simple point of T’,. 1V, where
Ye 1t — t&, ¢ + t — t(. This is true since both conditions mean that there are
A € R3\ (T,(ToV)UTyV), a zero neighborhood D in C3, and p > 0 such that there
is at most one real branch 1" of B¢ N R3 which is contained in I'(v,,1,D,p).

4.10. Lemma. Let V be an analytic surface in C3 which contains the origin, and
let v be a real simple curve with tangent vector & in the origin which is in standard
parametrization y(t) = Z]Oiq bjtj/q, where q is the number from Lemma 4.3. Let
M= {n €T, 4V NR>: 1y is not simple}.
(a) If d =1 and ~(t) = &t, then the set
M:={CeToVNS?:(—£e My}
is finite and My 1\ {—&} = Ueep {7¢ — €7 > 0}
(b) Ifd =% for some v > q, then the set
M :={Ce M,q:(CE) =0}
is finite and My,a = Ueep {C+ 76 7 € R}

Proof. (a) To argue by contradiction, assume that M is not finite. Then choose a
sequence ((,)nen in M and let

A= U TCR,g(T%lV) UTyV.
neN

Since A is homogeneous and pluripolar in C3 (for the definition see Klimek [T9],
Chapter 2.9), but R? is not, there exists & € R3\ A, || = 1. By Lemma 4.3, there
exist real simple curves 7q,. .., 7, and a zero neighborhood U in R? such that

(43) BEO NnNU = Gtr(Tj)ﬁU.

Jj=1
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For 1 < 57 < m let { be the tangent vector of 7; at the origin, fix n € N, let
¢ := (p, and define y¢: ¢ — (t. Since ¢ — ¢ is not simple and since § € R*\ A C
R3\ (Te—¢(Ty,1V) UTpV), there are at least two real simple curves T which satisfy

tr(1) C Bg, NR® and tr(1) NT(y,1,{ — &+ D, R) # 0

for each zero neighborhood D and each R > 0. Since

T(v,1,(—¢+D,R)= |J &+t((—¢+D)=T(y,1,D,R),
0<t<R

there exists 1 < ¢ < m such that ¢ is equivalent to 7; modulo 1. By Lemma
2.15(a) this implies that 7; and 7¢ have the same tangent vector ¢ at the origin, i.e.,
¢e€{&,...,&n}. Consequently, the set M has at most m elements, in contradiction
to the assumption that M is infinite. This proves the first part of (a).The second
one follows immediately from the first one by Lemma 4.9(a) and Theorem 2.7(b).

(b) It is no restriction to assume £ = (1,0, 0) and that v is in standard parametri-
zation with respect to the canonical basis of R3. If we assume that M is not finite,
we can find an infinite set {¢; : j € N} in M. Arguing as in part (a) we find &, € R3
such that (4.3) holds and such that for each ¢ in {(; : j € N} there is 7; as in part
(a) satisfying

(4.4) tr(m) NT(vy,d,{ + D, R) # 0

for each zero neighborhood D in C? and each R > 0. Now define ¢ : ¢ — ~(t)+(t4.
Since ¢ € M,(; = 0 and 7 is in standard parametrization with respect to the
canonical basis. Since

F(r% d7 C + D7 R) = U0<t<R(ta 72(05 73(t)) + td((oa C27 CB) + D) = F(,YQ d7 D7 R)a

7; is equivalent to ¢ by (4.4). From this and Lemmas 2.15, 2.5, and 4.3 we get that
there is a standard parametrization for 7; with respect to the same coordinates as
for ¢ which is of the form 7;(t) = Z]Oiq a;, t7/4. Hence the hypotheses on v and
Lemma 2.15(b) imply a;, = b, + {. Since there are at most k different choices for
a;,., it follows that {¢; : j € N} is finite in contradiction to the assumption. By this
contradiction, the first part of (a) is proved. The second one follows from Lemma
4.9(b). O

4.11. Proposition. For somer > 0 let f : B>(0,7) — C be a holomorphic function
which is real over real points and vanishes at zero. Let v be a real simple curve,
let d > 1 be given, and assume that in the notation of Example 7.6 we have d, <
d<dyyr for 1l <v <p. LetV :=V(f) and A := To(Ty V) UTV. Assume
furthermore that (F,a,)(1,-))o is square-free and that 0 is not a simple point of
T, 4V. Then AA(y,d) > dyy.

Proof. To argue by contradiction, we assume A := A4(y,d) < d,41. Then Lemma
4.5 implies d, < d < A < d,41. Since 0 is not a simple point of T, 4V, there exist
¢ € R3\ A and a real simple curve o satisfying tr(o) C Be such that o is equivalent
to v modulo d but not modulo A. Consequently, v and ¢ have the same tangent
vector at the origin. We choose a basis (e1, e, e3) so that this tangent vector equals
e1 = (1,0,0). Since e; € ToV, we may assume & = eg = (0,0,1). By Lemma 2.5
we may assume that v and ¢ are in standard parametrization with respect to this
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basis, say 1(8) = (t,712(8),7() and o(t) = (t,02(), 05(t)). Tt A(t) = 2., a5t/
and o(t) = E?’;q bjtj/q7 then the present hypotheses imply by Lemma 2.15

(A=e)g (A-e)g
(4.5) Z a;t!1 = Z bt/ for0 <t <tgand0 <e < A—1
J=q J=q
and
(4.6) hntal (i)nft_A|'y(t) —o(t)] > 0.
Next consider the expansion
(47) fo+2)= Y ajextll.
a€NG, j>q

Note that for some p > 0 the series converges absolutely and uniformly for |z| < p
and 0 < t < p. Using the notation that was introduced in Definition 2.10 and
Remark 2.11 denote by P the localization of F,, 4,)(1,-) at zero, i.e.,

P = (Fwo(du)(la ))0

Then P is homogeneous of degree m and does not depend on the first variable. The
latter fact follows from Theorem 2.7(c) if ¥ > 1 and from the fact that ey is the
tangent vector of v at the origin if v = 1. By hypothesis, P is square-free and by
Proposition 2.12(a) we have

(48) Fwo(é)(lv ) = (Fwo(du)(]'? ))0 =Pford, <d< dyy1-

From (4.8), (2.3), and the homogeneity of P we get To(T,,q4V) = V(P). Con-
sequently es = & ¢ A is noncharacteristic for P. Therefore there are pairwise
different complex numbers f5y,..., By, and B € C\ {0} such that

P(wz, w3) = H w3 — Bjws).

It is no restriction to assume B = 1.
Next choose D > 0 and p > 0 such that

(4.9) Z laj 0zt < D for |2| < p,0 <t < p.
a€Ng,j>q
Then regroup the expansion (4.7) according to the procedure described in Definition
2.10, i.e., for d, < § < d,41 let
wo = wp(d) := min{d|a| + % taja # 0}

and choose an increasing sequence (wy)ren = (Wi (9))ken such that for
F,, (t,w):= Z aj w1
5\o¢|+%=wk

we have

)+ w) = > Fo (t,1°w) = Y 4 F,, (1,w).

keNg kENg



LOCAL PHRAGMEN-LINDELOF CONDITION 1345

From this and (4.8) we get for d, < § < dy41

(4.10) 70O f(y(t) + tPw) = P(w) + Y 1+ 70O F 5 (1, w).
keN

Now we claim that

(4.11) lim tiA(aQ(t) —a(t)) = b 0.

To prove this, note that oo — 72 is given by a Puiseux series. Hence it follows from
(4.5) that the limit exists. If we assume the limit is zero, then there exists ¢ > 0
such that

(4.12) loa(t) = 12(0)] = o).

Then (4.6) implies by the same arguments

.1

(4.13) lim —(o3(t) — 73(t)) = d # 0.
tl0t

Now let (t) := t=2(o(t) — v(t)) and note that tr(c) C B¢ and (4.10) imply for

O0<t<pandd=A

0=t f(o(t)) =t~ f(y(t) + t*K(t))

(4.14) = P(k(t)) + ti D ermeomVaE, (1, k(1))
keN

From (4.12) and (4.13) we get that x(¢) is bounded on ]0, p/2[ and that

P(s(t)) = [ [ (5s(t) — Bjra(t)) — d™ ast — 0.

j=1

Hence in the limit for z — 0 we get from (4.14) the contradiction d™ = 0. Therefore
we must have (4.11).
Next we claim that the following assertion holds:

(4.15) There exist 79 > 0, My > 1, and 0 < kg < 1 such that for each
dy, < 6§ < dyy1, M > My, and 0 < p < Ko there exist pg > 0
and C' > 1 such that for each 0 < ¢t < pg and each ws € C satisfying
Ctdv+179 < |wsy| < 77 the function w3 — F(y()+°(0, wa, w3)) has
exactly m different zeros of multiplicity one in the disk |ws| < M|ws],

each lying in one of the disks B!(8;ws, plwa|), 1 < j < m.

To prove this claim using the theorem of Rouché, let ro := min(1, p), where p is
chosen as in (4.9). Furthermore let

My =1+ max{|3;|: 1 < j <m},

1 3
K= §min{|ﬁj — Bkl :1<j<k<m}, ko:= min(z,/ﬁ).
It is easy to check that for wy € C\ {0}, M > My, and 0 < p < kg the following
estimates hold:
(4.16) min{|P(wa, ws)| : lws| = M|wa|} > |wa|™,
(4.17) min{|P(wz, ws)| : [ws — Bjwa| = plwa|} = (plwe])™, 1 <j < m.
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Now fix § satisfying d, < § < d, 41 and assume that wy € C satisfies

To
M+1’
where the number C will be determined later. To estimate the series in the expan-
sion (4.10), let ko := min{k € N: k > gm(d,+1 — ¢)}. Then we have for 0 <t < p
and |w| < p by the hypotheses of (4.15) and by (4.9)

‘ Z twkwaka(Lw)‘ < Dtko/q = O(tm(du+175)) = O(l’wlm)
k>ko

(4.18) Ctdv+17% < | <

This implies the existence of 0 < p; < psuch that for 0 < ¢ < py, |(w1, ws)| < M|ws|

and |ws| < 1\/}11 we get

(4.19) |3 e m, (1 w)| <
k>ko

(klwa )™

Wl =

To estimate t*/9F,, (1,w) for 1 < k < ko, denote by mj, the order of zero of
F,,.(1,-) at the origin. Then there exists Dy > 0 such that |F,, (1, w)| < Dy|w|™*
for |w| < 1. If my > m, then choose 0 < pa(k) < p such that for 0 < ¢t < pa(k),
|(wr,ws)| < M|ws| and |wz| < 1 we have
1
(420) 09[R (1, w)] < £/9 D™ < 1D + 1) | < - (afwnl)™
0
To get a similar estimate when mj; < m, note that in this case, in F,, (¢,
there is a term a; ,2°t7/% satisfying a; , # 0 and |a| = my,. This implies wy,(5)
dmy + j/q. Now note that by (2.6) we have

w)

wo(9) :51#% :5m+%”,

because m is the degree of P = (F,(5)(1,w))o. Since m > my and wo(d) < wi(6),
we must have j > j,. Next note that the Newton polygon admits a supporting
line of slope —% touching at (%,mk). Since d, < § < d,41, this implies that the
Newton polygon also admits a supporting line of slope —1/d, 41 through (%, mg).
This gives
N |
(1_3_”> (Mg —m) > —
q q
From this we get
5 — wals . s
wk(6) — wo(6) J_n):_5+ J —In
m—my q q(m —my)
By (4.18) this implies 0 < ¢ < (1421)/9. For |(wy,ws)] < Mlws| and |ws| < 572,
we now get
59 F (1,w)| = #4790 | F, (1, w)| < #4470 DyJuw|™

< ch(wo—wk)/a|w2|(Wk—0-’0)/a|w|mk < Dk(M—i— 1)mkc(wo—Wk)/a|wQ|m.

. hence —1 9% _

<d,i1.
v+1 Q(m_mk) .

= (m—mk)_l(émk—i—l—ém— <d,y1-0 =:a.
q

Since (wg — wg)/a < 0, we can choose C' > 0 so large that
1
(4.21) 9 Fy, (L w)] < oo (ulwz))™
3ko

also in this case.
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From (4.19), (4.20), and (4.21) it follows that there is C' > 1 such that for
po = min{p1, p2(k) : 1 < k < ko, my > m} we get for 0 < t < pg, |wz| < M|wal,

and Otd+179 < |wq| < o7 from (4.10) that

(4.22) 70O | F(3(8) + t2(0, w2, w3)) — Plwz, wy)| < (fwa|)™.

Since 0 < pu < ko < 1, our claim now follows from (4.22), (4.16), and (4.17) by the
theorem of Rouché.

To complete the proof, let 7o, My and ko be the constants from (4.15), fix d, <
0 < A and let

A(t) = t3735(t) = = (o (t) — 2(1)).

6
Since (4.11) and (4.6) imply
4.2 li t)=>5, limks(t) =
(4.23) tlfgng() , tlﬁ’)llﬁ}g() ¢,

where b # 0, we can choose M > My such that

[As(8)] < M[Xa(2)].
For this choice of M and p := kg, choose pg > 0 and C' > 1 according to (4.15).
Then (4.23) and A — § > 0 imply the existence of 0 < p; < po such that for
0 <t < p; we have

Ao ()] < 2p|td =0 < 10
X2 (t)] < 2[b] <Ll

Moreover, since A — d,, 11 < 0, there exists 0 < pa < pg such that
Ao ()] > Lipa=s = L ppa-dusr gydosi—s > Othv+179,
2 2C

Since t=<0O) f(y(t) + t°A(t)) = t=<0@) f(a(t)) = 0, we now get from (4.15) that for
0 < t < min(py, p2) there exists 1 < j < m, such that A3(¢) is a simple zero of

w3 — f(ly(t) + té(ov )‘Q(t)vw3))'

Since o (t) = (t) + t°A(t) is a branch point of V = V(f) with respect to the pro-
jection along & = es, this is a contradiction. By this contradiction our assumption
at the beginning is false. Hence we must have A > d, 1. O

5. SUFFICIENCY

In this section we will prove the main theorem of this paper, which states that
the necessary conditions that were derived in section 3 are also sufficient. In fact
we will prove more, namely, that only a finite set of conditions have to be satisfied.
To formulate this result, we first construct a specific set of real simple curves.

5.1. Construction of a particular finite set C. Let V be an analytic surface in
C3 which contains the origin and denote by ¢ the number from Lemma 4.3. For
n € S? define o,,: t — tn, t > 0. To begin the construction, we first consider the
set of real singular directions in TV for which there are several real branch curves
of V nearby with respect to most real directions. More precisely, for £ € S? this
set is defined as

My :={n € (ToV )sing N 52 . n — £ is not a simple point of TV}
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and does not depend on ¢ by the Remark following Lemma 4.9. If M; = (), then
C := (). Otherwise let

Co :={(ow,1) :m € My}
We are going to recursively define sets C;, j € N, satisfying the following condi-
tion:
(5.1) C; is finite and for each (v,d) € C; there is v € N, v > ¢ + j,
such that d = % and 7 has a standard parametrization of the form

() = 7, ait'.
To start the recursive definition, let A(n) := T,,(ToV) U TV and denote by
AA (g, 1) the A(n)-critical level of o), according to Definition 4.6. For n € Mj,

it follows from Lemma 4.8 that gA4(™ (a,,1) = v(n) € N,v(n) > ¢+ 1. Since M,
is finite by Lemma 4.10, the set C; defined as

Cr = {(0, A (0, 1)) 1 p € My}

satisfies the conditions in (5.1) for j = 1.

Assume now that for some j € N, j > 2, the set C;_; is defined in such a way
that (5.1) holds for j — 1 and that C;_; is finite. To define C;, let
Cj—1,c:={(v,d) €Cj_1: thereexists (€ (T5,4V)sing NR?, ( is not simple}.
If Cj—1,c = 0, then let C; := 0. Otherwise fix (v,d) € Cj_1 . and denote by 7
the tangent of v in zero. By the induction hypothesis we have d = % for some
v>q+j—1landy(t) = Z;:ql a;t'/1. Let

M, 4 :={C € (Ty.aV)sing "NR®: (¢,n) = 0 and ¢ is not simple}.
By Lemma 4.10, M, 4 is finite. For ¢ € M, 4 define

ety (t) + Gt = Zat”q ay = .

Since (¢,n) = 0, ¢ is in standard parametrization. Next let A(v, () := T¢ (T 4V)U
ToV. Then A9 (v, d) = % for some p > v > g+ j — 1 by Lemma 4.8. Hence the
set
Cj = {1, ATV (7,d)) : (7, d) € Cjr,e, € € My,a}
is finite and all conditions in (5.1) are satisfied. Consequently, the induction step
is complete.
Now we claim

(5.2) There exists N € N such that for each (v,d) € Cn all points in
(T,4V )sing N R3 are simple.

To prove this, we argue by contradiction. If (5.2) does not hold, then C; . # 0 for
each j € N. Now let

A=TVU | T (TV)u | H{T(TyaV) : (v,d) € Cje, ¢ € M,y a}.
neM; JjeN

Since A is a countable union of analytic sets, we can choose & € R3\ A, |&| =1,
and find real simple curves 71, ..., 7T, and a zero neighborhood U in R? such that
(4.3) holds. Tt is no restriction to assume that tr(r;) and tr(r;) are disjoint for



LOCAL PHRAGMEN-LINDELOF CONDITION 1349

i # k. Hence we can choose § > 1 so large that there are R > 0 and € > 0 such
that

(5.3) I'(rj,0,B(0,¢), R)N[(1x,0, B(0,¢), R) = 0, j # k.

Next choose p € N so large that p > dg. Then fix (v,d) € Cp. and ¢ € M, 4. By
(5.1) and the choice of p we have d > ‘HTP =1+ % > §. Since ( is not a simple
point and since & € R3\ A C R3\ (T¢(T,.4V) UTyV), for each zero neighborhood
D in C? and each p > 0 there are at least two branches of Bg, N R® which have
a nonempty intersection with I'(y,d,{ + D, p) = I'(v¢,d, D, p). Since d > § this
contradicts (5.3) when D := B(0,¢) and p := R. From this contradiction we obtain
that (5.2) holds. Now let C := |, C;.

j=1

5.2. Remark. If the variety V in section 5.1 is algebraic, then estimates for the num-
bers ¢, 4, and N can be given in terms of the degree m of a polynomial defining V.
First, the number of possible solution branch curves can be estimated by m3. This
implies that (m?®)! is an upper estimate for ¢. Finally, using Bezout’s theorem, it
can be shown that a possible choice for § is § = m*. Thus we arrive at the estimate
N < (m?)!'m* for the number of steps in the iteration. This estimate is probably
very crude.

5.3. Theorem. For an analytic surface V in C> which contains the origin, the
following conditions are equivalent:

(a) V satisfies PLioc(0).

(b) V is hyperbolic in conoids at the origin.

(c) ToV satisfies PLioc(0), there is ¢ € S? such that for y¢ : t — t(, t >0, and
each n € (ToV )reg N S?, V is (¢, 1)-hyperbolic at n — ¢ € T, 1V, and for
each (v,d) € C (C as in section 5.1) the following conditions hold:

(i) Ty,q4V satisfies PLioc(n) at each n € T, 4V N R3.
(ii) V is (v,d)-hyperbolic at each 1 € (Ty 4V )reg N R3.

The proof of Theorem 5.3 will be given at the end of this section since we have
to introduce more notations and to prove several auxiliary results before.

Remark. In Theorem 7.3 below it is shown that the hyperbolicity conditions in
Theorem 5.3(c) follow from the PLjsc-conditions provided that for each (vy,d) € C
the varieties T, ¢V as well as ToV have multiplicity one (see Definition 2.10).

5.4. Remark. Let us now indicate how Lemma 3.20 enables us to decide in finitely
many steps whether condition (c) of Theorem 5.3 holds: To do so, fix an arbitrary
¢ € S2. We claim that condition (c) of Theorem 5.3 holds if and only if the following
conditions hold:
(1) ToV does not admit an elliptic component, i.e., an irreducible component
W satisfying W NR? = {0},
(2) if (v,d) € CU{(v¢, 1)}, then condition (c)(ii) of Theorem 5.3 holds for (v, d),
(3) ToV is locally hyperbolic at each 1 € (ToV )sing N S?,
(4) if (v,d) € C, then T 4V is locally hyperbolic at each n € (T,qV )sing N E,
where E C R? is the orthogonal plane to the tangent to vy at the origin.
To prove equivalence, let us first assume that 5.3(c) is satisfied. Then (1) is
immediate by [26], Theorem 3.13. By Proposition 3.12, condition 5.3(c)(ii) is nec-
essary for each pair (y,d) where v is a real simple curve and d > 1. Hence (2)
holds. Conditions (3) and (4) follow from Lemma 3.17.
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To prove the converse, let (1)—(4) be satisfied. Then 5.3(c)(ii) obviously holds.
We claim that for each pair (v, d), this condition implies 5.3(c)(i) when 7 is re-
stricted to (Ty,d)reg N R3. To see this, fix n € (Ty,d)reg N R? and let m be a nonchar-
acteristic projection for T, 4V at . Then there is a conoid I' := I'(v, d, B(n, 2r),r),
r > 0, such that z € V N T is real whenever m(z) is real. Let w € T, 4V N B(n,r)
satisfy m(w) € R®. Then there is a sequence (z;)jen in V N T with lim; e 2; = w
and 7(z;) € R3. The hyperbolicity of V in I immediately implies z; € R? for each j
and finally w € R3. This proves the intermediate claim.

Applying this claim, we get 5.3(c)(i) for each n € (Ty,qV)reg N R3. For the
singular points, 5.3(c)(i) follows from (4) and the shift invariance of T, 4V (see
Theorem 2.7(c)). The same argument shows the part of the conditions in 5.3(c)
which pertains to ¢, but only for the particular { chosen at the beginning of this
remark. However, since T, 1V = ToV — ¢ by Theorem 2.7(b), this condition is
independent of the choice of (. We have established the equivalence of 5.3(c) with
(1) (4)

This shows that 5.3(c) can be checked in finitely many steps, since (1), (3),
and (4) consist of a finite number of conditions, while Lemma 3.20 enables us
reduce (2) to a finite number of conditions.

5.5. Definition. Let V' C C" be an analytic variety of pure dimension k which
contains the origin, let v be a real simple curve in C",d > 1, R > 0, D an open set
in C", and let T :=I'(v,d, D, R) be a conoid. We say that V satisfies the condition
PL(V,T) if the following holds: For each compact set K C D there exist Ag,ro > 0
such that each u € PSH(V NT') which satisfies

(a) u(z) < |24, zevAT,

(B) u(z) <0, zeVnNI'nR",
also satisfies

(v) u(z) < AplImz|, zeVNT(y,d,K,R)NB(0,ro).

5.6. Lemma. Let V' be an analytic variety of pure dimension k in C™ which contains
the origin. Let v be a real simple curve, 0 < R <1, 1 <d < oo, and D a bounded
open set in C". Assume that R 'sup{|z| : = € D} < 1/2. Then the following
assertions hold:

(a) If V satisfies PL(V,T'(v,d, D, R)), then for each open subset G of D and
0 <r <R,V satisfies PL(V,T'(v,d,G,1)).

(b) If for each £ € D NT, 4V NR™ there exist an open neighborhood D¢ C
D of & and Re > 0 such that V satisfies PL(V,T'¢) for the conoid T'¢ :=
I'(v,d, D¢, Re), then V satisfies PL(V,I(v,d, D, R)) for each R > 0.

Proof. (a) Fix an open set G in D, a compact set K in G and 0 < r < R. Then let
I'p :=T(y,d,D,R) and 'y :=T(v,d, X,r) for X = G and X = K. Furthermore,
let L := sup,.pl|z| and note that by hypothesis there exists 0 < b < 1/2 such that
RY1L < b, hence

(5.4) t'L < bt for tel0,R)].

Since V satisfies PL(V,T'p), there exist Ag, ro > 0, depending on K, so that
the conclusion of Definition 5.5 holds for I' = I'p. It is no restriction to assume
1< |@| < 2 for all t € ]0,7[. Now choose 1 > 0 such that

K+ B(0,2n)cG and n<1
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and let pg := min(r, 7). To prove that V satisfies PL(V,T'¢), fix u € PSH(V NT¢)
satisfying the estimates 5.5 () and (8) for I' = T'. Then choose 0 < @ < R such
that for each zo € VN Tk N B(0, pp) there are 0 < ¢y < a1 and (p € K satisfying

20 = 7(to) + -
Then fix zg and consider the following two cases:
Case 1: |Im 2| > ntd. In this case, condition 5.5(c) for u implies

t _ 1
u(z0) < Jol = ) +18ol? < 12500 4 £ 2Go[ < 24 L)1 [l
0
Case 2: |[Imzy| < ntd. In this case the choice of 1 implies that each z €
B(Re 29, ntd) satisfies
z—7(tg) = 2z — Rezg — iIm 29 + 20 — (o) € t4B(0,2n) + tIK C tiG.
Hence we have B(Re 2o, ntd) C T'¢. Therefore we can define ¢ : V —| — 00, 00| by
. 7 drr 2 — Rezo
¢(z) := max (mu(z) + ntoH(W% Im Z|>
for z € VN B(Re 29, ntd) and by
o(z) :=|Imz| otherwise,
where H is the function defined in Lemma 3.2. For z € C" satisfying |z — Re zg| =
ntd we have
|| < 2= Re 20| + [Re 20| < ntg+ [7(to)| +15/Col < (G ™" +2+b/L)to < (3+b/L)to
and hence
Ui 4d
2(3+b/L)? 20
From this estimate and the properties of the function H it follows as in the proof

of Lemma 3.4 that ¢ is plurisubharmonic on V. To estimate ¢ on V NT'p, fix
z€Tlp, z=7(t)+1t,0<t < R, ( € D. Then we have by (5.4)

1 1
2l 2 (0] = #11¢] = 5t = +1L > (5 =)

u(z) <

and consequently
1
[Im z| = t4|Im ¢| < Lt¢ < L(E — b))
For z € VN B(Re 29, ntd) this and the estimates 5.5(c) for u and 3.2(a) for H imply

n L
B T 2=

o(z) < max(2( d|z|d +[Imz|, Imz|) < ( |z|d

"
3+b/L)

Now let M = 5 . Then we have

G T T
o(z) < M|z|?, 2eVNTp and ¢(2) <0, z€ VNIpNR™
Since V satisfies PL(V,T'y) we conclude from this that
o(z) < AgM|Imz|, z€ VNTxg N B(0,r9).
Now note that the present case implies zg € V N B(Re 2o, ntg). Thus the definition
of ¢ and property 3.2(d) of H give

n
> >
AoM|Im zo| > ¢(20) > 3B+ b/L)

11m zg
nto

) > u(z)

u(zo) +ntoH( e EERYIAL
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and hence

ul(zg) < 2BFO/L)

Summing up both cases and letting Ax = %max(2(3 +b/L)*AgM,2 + L) we
proved

A0M|Im Zo|.

u(z0) < Ag|Ilmzg| for each zp € VNI'gxNB(0,p).
Since K was any compact subset of G, the proof of part (a) is complete.

(b) Fix R > 0 and a compact subset K of D. Then the present hypothesis
implies that for each £ € K NT,, 4V NIR™ there exists an open neighborhood D¢ of
&, D¢ C D, such that V satisfies PL(V,T'¢) for I'e =TI'(v,d, D¢, R¢), where we may
assume Re < R in view of part (a). For each such & choose a compact neighborhood
K¢ of §, K¢ C D. Since KNT, 4NR™ is compact, there exist K; := K¢;,1 < j <1,
such that

l [e]
KNT,VvNR"C | JK;

and € > 0 such that

]

l
KNT, VNR" + B"(0,¢) U

As in Lemma 2.8 it follows that for some pg > 0 and each 0 < t < pg we have
l ]
(5.5) KNViaNR" C(KNT,qaVNR") +B"(0,¢) C | J K;
j=1
Next choose p > 0 so small that p < min{e, po, R¢; : 1 < j < [} and such that
for each z € T'(v,d, K, R) N B(0, p) there exist 0 < ¢ < py and { € K such that
z = v(t) +t%¢. Then we claim that there exists § > 0 such that

l o
(5.6) VB 00N |J () +t'Ks) U (v,d, K, Re,),
0<t<po j=1
where
Ks:={z€ K :|Imz| <d}.

To prove (5.6), assume that it does not hold. Then there exists a sequence
(zv)ven satisfying z, = t, + tf{,,, 2z, € V.NB"0,p), ¢, € Ky but z, ¢
U;Zl I'(v,d, Kj, Re;). Since K is compact, we may assume that ((,),en converges
to some ( € K NR", otherwise we pass to a suitable subsequence. Then consider
two cases.

Case 1: lim,_,t, = 0. Then zy, € Vi, q implies ¢ € K NR"NT, 4V. From

this and (5.5) we get that ¢ € K for some j,1 < ] < I. Hence there exists 1y € N

such that ¢,, € K and consequently z,, € I'(v,d, Kj,Rg ), in contradiction to the
choice of (z,)yen.

Case 2: (t,),en does not tend to zero. By passing to a subsequence, we may
assume that (t,),en converges to some tg € 0, (p]. Then z, = (t,)+t%(, converges
to zo = (o) +td¢. This shows ¢ € V;, 4N K NR™. Hence Definition 5.5 implies the

existence of j, 1 < j <[, such that ( € K;. As in Case 1 this implies the existence
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of z,, € I'(,d, K, Re,), contradicting our choice of the sequence (2,),en. From
these contradictions we conclude that (5.6) holds.

To complete the proof now let v € PSH(V NT) be given and assume that
u satisfies (o) and () of Definition 5.5. If z € V N I'(v,d, K, p) N B(0,p) and
z = v(t) + t%¢, where [Im (| > d, then we get

d
<] = 1 [im¢] > 45 > (51)

(possibly, p has to be decreased). From this and the condition («) for u, we get
2d
u(z) < |2|* < 7|Imz|.
If Im¢| <, then (5.6) implies that there is some j, 1 < j <, such that

FAS F(’y,d, K]‘,Rfj) C F(’y,d, D@.,Rg]) = Ffj.
Since u |Vmp§j obviously satisfies the conditions (&) and () of Definition 5.5, the

hypothesis implies the existence of A; > 0 and v; > 0 such that
u(z) < Aj|llmz|if z € VNT(y,d, Kj, Re;) N B(0,75).
Now let A := max{%7 Aj:1<j<l}and r:=min{p,r; : 1 <j <I}. Then
u(¢) < AIm(|, z € VNI(y,d, K,R)NB(0,r).
Since K was an arbitrary compact subset of D, the proof is complete. O
Using Lemma 5.6 and standard arguments we get

5.7. Lemma. Let V be an analytic variety of pure dimension k in C™, let v be a
real simple curve and d > 1. If V is (v, d)-hyperbolic in & € T, 4V NR", then there
exists a zero-neighborhood G in C™ such that 'V satisfies PL(V,T'(vy,d,{ + G, 1)) for
each r > 0.

Proof. Since V is (v, d)-hyperbolic in &, there exist an open neighborhood D of
&, ro > 0, and a projection 7 in C™ which is noncharacteristic for 7', 4V at &
such that z € V NT(v,d, D,rg) is real whenever 7(z) is real. After a real linear
change of variables we may assume that C* = C* x C"* and n(z) = (#,0) for
z = (2/,2") € C* x C"~*. Since 7 is noncharacteristic for T, 4V at &, by Lemma
3.10 we get &/ > 0 and 0 < &} < &’ such that B*(¢',&') x B"¥(¢",&"”) C D and

BF(¢ ") x B"H(¢" )N TyaV C BH(¢,e') x B"F(&" ) NT, qV.
Now choose 0 < &, < &’ and ] < e <&’ let
G := B*(0,¢}) x B"*(0,e4) and Q := ¢ + G,

and choose 0 < 1g < € —¢/ so small that Q+ B™(0,19) C B*(¢',¢’) x B" k(¢ &").
Next note that by Lemma 2.8 and Theorem 2.7(d) there exists 0 < r; < 7 such
that for ¢ € ]0,71] we have

(5.7)

V;f,de C T’y,dVQQ_'_Bn(Oa 770) C T’Y,dvm (Bk(€l75/2) X Bn—k(é‘ll75/1/)) +Bn(0, 770)

We now claim that for 0 < ¢t < r; the map
(5:3)  F:(3(t) + U+ G NV = (y(O) + U + BH0,64)), 7(2,2") = 2
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is proper. To prove this claim, fix 0 < ¢ < ¢, and z € (y(t) +tH(E+G) NV
and assume that 7(z) = 2’ € (y(t)) + t1B*(¢,0). Then z = ~(t) + t4(¢ + w),
where { + w € Vg N Q. By (5.7) this means that £ + w = ¢ + h for suitable
¢ € B*(&,eh) x Br=k(&e)) and h € B™(0,19). From this we get

|w//| S |C”—§,/|+|h”| §5/1,+770-

This shows that
z=(2,2") € (v(t) + t"B*(&',0) x B*F (", &f +mo)) N V.

Since the latter set is compact in (y(t) + t%(¢ + G)) NV, the claim is proved.
Now let " :=T'(v,d, £+ G, r1). Shrinking 71 if necessary, we can find C' > 0 such
that for ¢ € ]0,71] and 2z € y(¢) + t4(¢£ + G) we have

(5.9) |2 < [y()] + t4(l€] + V2 max(ey, e3)) < Ot

To show that V satisfies PL(V,T"), fix v € PSH(V NT) satisfying the conditions
5.5(cv) and () and fix a compact subset K of G. Obviously, it is no restriction to
assume that K = B*(0,0’) x B"%(0,0"), where 0 < ¢/ < €, and 0 < 0" < &Y.
Next choose § > 0 so small that ¢’ +2§ < €. Then (5.8) implies that for 0 < t <
the map

71 (y(t) + 4B, 0’ +20) x B"H(¢", )NV
— (1)) + B¢, 0’ +26), @(<',2") = 2
is proper. Then fix n € R*, |1/| < o’ and define ¢ : B¥(0,1) —[ — oo, 0o by

e(A) ==t “max{u(z) : z € (v(t) +t* (€ + (1, 0) + B¥(0,26) x B"%(0,£5))) NV,
7(2) = (/1) +£€ + 1 + 200)}.
Since 7 is proper, it follows from Chirka [I4], Theorem 3.7, and Hérmander [17],

Lemma 4.4, that ¢ is plurisubharmonic on B*(0,1). The estimate 5.5(c) for u
together with (5.9) implies

p(\) < C% X e B¥0,1),
while the (v, d)-hyperbolicity and (3) imply
©(\) <0, A € B¥0,1) NRF.
From these two estimates and a standard application of a classical estimate (see
Nevanlinna [28], 38, or Braun, Meise, and Vogt [12], Lemma 4.1), we get

1
o) < Cd§|1m>\|, A € B¥(0, 5).

By the definition of ¢, this estimate implies that for z = (¢)+t4(¢+ (17, 0)+w) € V
with w € B¥(0,6) x B"7%(0,¢4) we have

! 8 w’ 404 401
< d E < dZ 4d < = d = .
u(z) <t <25) C*—=t%Im 25| 5 1% Im w| 5 |Im z|

Next we show that this statement implies

92 d
(5.10) u(z) < %|Imz| for all z € T'(y,d, £ + K,r) N V.
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To prove this, fix z = y(t) + t4(¢ + w) € T'(v,d, & + K,r1) NV, where w € K. If
Imw| > §, then [Imz| = t¥Imw| > t%6. Since u satisfies the condition 5.5(c),

(5.9) implies
i ~dea o 20¢
u(z) <|z|* < CU* < 5 [Im z|.

If Imw| < 4, then 1’ := Rew' is in B*(0,0’) and we have w € (n,0) + B¥(0,8) x
B"*(0,&4). Therefore, the estimate above gives
4c 2C?
u(z) < W—%|Imz| < %|Imz|.
Hence we proved (5.10). Since K was an arbitrary compact subset of G, we proved

that V' satisfies PL(V,T'(~v,d,& + G,r1)). Now the lemma follows from Lemma
5.6(a). O

Proof of Lemma 3.19. By Lemma 5.7 there exist a zero neighborhood G in C”
and p > 0 such that V satisfies PL(V,T'(v,d, s + G, p)). Now note that one can
prove a modified version of Lemma 3.4 under the weaker hypothesis that V' satisfies
PL(V,T'(v,d,k + G, p)) instead of PLj,c(0). The modification in the conclusion is
that the open set D and the all quantifier over it get replaced by the open set
k + G. Using this conclusion, it follows as in the proof of Proposition 3.12 that V'
is (v, d)-hyperbolic with respect to each projection 7 which is noncharacteristic for
T, 4V at k. g

In the remaining part of this section, IV will denote a conoid in C2.

5.8. Lemma. LetV be an analytic surface in C* which contains the origin, let~y be a
real simple curve which is in standard parametrization with respect to the canonical
basis of R3, and let d > 1. Assume further that 0 € T,q4V and 7w : (21, 22, 23) —
(21, 22, 0) is noncharacteristic for T, 4V at 0. Then for each zero neighborhood D in
C3 there are e > 0,8 > 0, and p1 > 0 such that G := B(0,¢)? x B(0,0) is contained
in D and

7:VNT(y,d,G,p1) — (7 ov,d,B(0,¢)% p1)

18 proper.

Proof. Since 7 is noncharacteristic for 7 4V at 0, we can apply Lemma 3.10 to
find &7 > 0 and 0 < dp < 7 such that Gg := B(0,¢1)? x B(0,d,) is contained in D
and such that

(5.11) T,aV NGy C Ty.qV N B(0,21)* x B(0,8).

Then fix 0 < & < &1 and g < § < J3 < 01 and choose 0 < n < min(d; — Ja2,6 — do).
We claim that for suitable » > 0

(5.12)  VNTI(y,d,B(0,6)? x B(0,d5),r) C VNT(y,d,B(0,¢)* x B(0,6),7).
To prove (5.12) let
K :=B(0,¢)? x B(0,02) and Gi:=KNT,sV+ B(0,n).

Then it follows from Lemma 2.8 that there exists 0 < r such that KNV, 4 C G, for
all t €]0,7[. To derive (5.12) from this, fix z = y(t) + t¢ € V, where ¢ € ]0,7[ and
¢ € B(0,e)? x B(0,82). This implies ¢ € V; 4. Therefore there exists w € KNT, 4V
such that |¢ — w| < n. From this we get

lws| < |G3] +n < b2 +n < 1.
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By (5.11) this implies |ws| < dg and consequently
|Ca| < |ws|+n <do+n <0

Hence we have 2 € VNI (7,6, B(0,)? x B(0,4),r) and (5.12) holds.
To derive the statement of the lemma from (5.12), fix a compact set @ in
(7w o,d, B(0,e)%,7) and let

L:={zeVNTI(y,d,B(0,6)* x B(0,5),r) : m(z) € Q}.
To show that L is compact, let

k r kr
= t)+t'B Zite]l——, ——[¢.
Uk U{MV(H 05579 €]k+1’k+1[}
Then (Ug)ren is an increasing sequence of open sets satisfying

U Ur = F/(W °7,d, B(ng)za T)'
keN

Since @ is compact, there is k € N such that @ C Uy. Now fix any sequence (z;) en
in L. Since L is bounded in C3,(2;)jen contains a subsequence which converges
in C3. Hence we may assume that (zj)jen converges to some ¢ € L. Since the
sequence (2})jen is in Q C Uy, we can choose a sequence (t;);en in ]k—il, kk—J:l[ and
(wj;)jen € B(O, ﬁe—:)2 x B(0,0) such that

zj =(t;) + t?wj, jeN.
Passing to suitable subsequences we may assume that (¢;)jen converges to ¢y €

(7 kr] and that (w;)jen converges to wy € B(0, k—jls)Q x B(0,8) C B(0,g)* x

k+1
B(0,62). Since

¢ = 7(to) + thwo
is also in V, we have ¢ € V NT(v,d, B(0,¢)? x B(0,d2),r). By (5.12) this implies
¢ € VNI(y,d,B(0,e)? x B(0,d),r) and hence ¢ € L. Since @ was any compact
set in I’(r o0+, d, B(0,¢)?,7), the lemma is proved with G := B(0,¢)? x B(0,4) and
p1L=r. (]

5.9. Lemma. Let V be an analytic surface in C> which contains the origin, let
be a real simple curve, d > 1, and let n € T, 4V NR3 be a simple point of Ty 4V .
Assume that T 4V is locally hyperbolic at n and that there is an open neighborhood
U of n such that V is (v, d)-hyperbolic at each ¢ € (Ty,qV )reg NR3NU. Then V is
(v, d)-hyperbolic at 7.

Proof. Since 7 is a simple point of T, 4V there are £ € R?\ (T,,(T,4V) UToV), an
absolutely convex zero neighborhood Dy C U, and p; > 0 such that

BeNR*NT(v,d,n+ Do, p1)

contains at most one branch S of B¢ NR3. Let (; be the tangent vector of v at the
origin, choose (2 € R? such that X := ({1, (2,€) is a basis of R?, and assume that
v = (71,72, 73) is in standard parametrization with respect to X. It is no restriction
to assume that X is the standard basis of R3. Denote by 7 the projection along &
on the plane spanned by ¢; and (2. Since § & T,,(T,,4V'), 7 is noncharacteristic for
T, a4V at .
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To simplify the notation, assume from now on that n = 0. By hypothesis T’, 4V
is locally hyperbolic at n = 0. We claim that it is locally hyperbolic for the given
projection 7. To prove this claim, note that

m
(5.13) [Ty.aV]o = [ Wlo,

j=1
where W; is a complex manifold for which W; NIR? satisfies the dimension condition
at each real point near the origin. This follows for d > 1 from Theorem 2.7(c) in
connection with Proposition 3.16 and for d = 1 from Theorem 2.7(b) together with
Braun [5], Corollary 12, since T 4V is locally hyperbolic at 0. From this fact we
get that each noncharacteristic projection for T, 4V at the origin can be used in the
definition of local hyperbolicity, in particular, we may use the projection 7 defined
above. Consequently, we may assume that Dy is so small that z € T, 4V N 2Dy is
real whenever 7(z) is real.

Since 7 is noncharacteristic for T, ¢V at n = 0 we get from Lemma 3.10 the
existence of € > 0 and § > 0 such that for D := B%(0,¢) x B*(0,§) we have D C Dy
and

m: Ty aV N B*(0,2¢) x B*(0,8) — B*(0,2¢)
is proper. By Lemma 5.8 it also follows that for some 0 < ps < py
m: VN F(Py’daDaPQ) - F,(’]T 077d7 BQ(O,E),[)Q)

is proper.

To show that V is d-hyperbolic at n = 0, we consider two cases:

Case 1: There exists p > 0 such that B NR* N T'(v,d,D,p) = 0. It is no
restriction to assume p < py. Then V N R? is unbranched over

I":=T'(ro~,d, B*0,¢), p) N R?

with respect to the projection 7. To show that each branch of V NT'(v,d, D, p) is
real over I'V choose k € T, 4V N R N D such that T, 4V is regular at all points
7 1(n(k)) N B%(0,2¢) x B1(0,6). Then define % := 7(x) and

G(t) :==mon(t)+ At t €10, p].
Obviously, & is an analytic curve in IV. Now fix a branch Vy of V. NT'(~v,d, D, p) N

7~ 1(T"). Since V N T is unbranched over T, we can set o := (7 |y,) ! o 6. Since
{a(t) :t €]0,p[} CT(v,d,D,p), we can write
o(t) = ~(t) + it + o(t?)

for suitable & € C3. Tt is easy to check that # € DNT, 4V. Since 7(&)—x = o(t?), we
have 7(&) = & and hence & € 7! (n(%))NDNT,,4V. By the choice of D, this implies
& € R3. Since our choices also imply that # is a regular point of T, 4V, Vis (v,d)-
hyperbolic at & € T, 4V NR3. Hence it follows from Lemma 3.19 that V is (v, d)-
hyperbolic with respect to the given projection w. Thus there exist an open zero
neighborhood Gy and pg > 0 such that for each z € VNT'(v,d, &+ Go, po) with 7(z)
real, z is already real. Since tr(o)NB3(0, ) is contained in VoNI' (7, d, +Go, po) for
a > 0 sufficiently small, this implies V5 C R? since 7 |y;, : Vo — I" is unbranched.
Since Vy was any branch of V NT'(v,d, D, p) N7~ *(I"), we proved that V is (v, d)-
hyperbolic at n = 0.

Case 2: For each p > 0: B NR3NT(v,d,D,p) # . Then we fix p and
choose a real simple curve A such that Be NR® N T'(v,d, D, p) is the trace of \.
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If A is not equivalent to v modulo d, then there are a zero neighborhood G and
0 < p1 < p such that Be NR*NT(y,d,G,p1) = 0 and we are in Case 1. Hence we
may assume that A is equivalent to v modulo d. From this it easily follows that we
even may assume A = 7. Next note that the hypothesis together with the special
form of T, 4V, described by (5.13), imply that we can find regular points s, v in
T, 4V NR3>N D with k2 > 0 and vo < 0 such that all points in 7—*(7(x)) N 2D
and in 7~ (7(v)) N 2D are regular for T, 4V. Using these points we can argue as
in Case 1 to show that for

Uy :={x €T/ (noy,d,B*0,¢),p) NR? : 415 > yo(x1)}
all points of the sets My :=V N7~ Y (Uy) NT(v,d, D, p) are real. Since
VAr (I r o, d, B2(0,), p) NR?)

is contained in the closure of M UM _, it follows that V is d-hyperbolicatn = 0. [

To also treat points ¢ € T, 4V N R3 which are not simple, we will use the
following technical lemma which is a refined version of [7], Lemmas 5.9 and 5.10.
We let D := B1(0,1).

5.10. Lemma. Let y: t — (t,72(t),v3(t)) be a real simple curve with |7v;(t)| = o(|t])
for j =2,3, and let w: (z,y,2) — (z,y). Fix Rj,r; >0, j=1,2,3, and set G =
[[_, B(0,7;), G' = «(G), D =[[}_, B(O,R;), and D' = 7(D). Let1<d <A
and p > 0 with p 1Ry < 1/2 be given. Let V C I'(v,d, G, p) be an analytic surface
for which w: V. — T'(wov,d,G’, p) is proper. Furthermore, assume:

(a) If € V\T(y,A,3D,p) satisfies w(z) € R?, then z € R3.

(b) There is no z € V of the form z = (t) + t*w with 0 < t < p, w(w) € 3D’,

(¢) V satisfies PL(V,T'(, A, 3D, p)).
Then there are A, d, ps > 0 such that, whenever u € PSH(V) satisfies

() u(z) < |2|¢ for all z € V
and

(B) uw(z) <0 forall z € VNRS,

then u also satisfies

(7) u(z) < AlImz| for all z € VNI'(v,d, G, p3).

Proof. Since |(v2(t),v3(t))] = o(]t]), there is a constant C; > 0 such that |z| <
C1|z1| whenever z € T'(v,d, G, p), provided p is sufficiently small.

Since y is given by a Puiseux series, it can be continued holomorphically to some
slit disk B(0, p1) \ ]—p1,0]. Set

Ry

b5 = .
37 30R,

Since |y2(t)| = o(|t]) there is po < min(p, p1) such that

(5.14) ()] <83 for 0 <t < pa.
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Let A > 0 be determined by A2 = 5/4. Set

. ( A— 1) 5 . 3¢ 3e A—1
€:=min(ry, —— := min
» 2\ ’ 4/\(17“1 ’ 4/\(1(537“1 + 7“2) ’ AT ’
L 31R2 -~ 2 1 A—1 1/(A-1) & 1
= 24 P = 373 6 R, "N 21A )

Fix u € PSH(V) satisfying («) and (3). As an auxiliary result, we claim that there
is A; > 0, not depending on u, such that

(5.15)  u(z) < A1|lmz|, 2z € VNI(y,d,0G,p3),m(z) € (7o, A, 2D p3),
(5.16)  u(z) < A|z|®,  zeVNT(v,d,0G,p3),7m(z) €T/ (mor, A, 3D p3).
To prove this claim, define

v:l(moy,d, G, p) — [—o0,00], 2 +— max{u(z):z€V,n(z)=2"}.

Using the fact that 7: V' — T"(w o v,d, G’, p) is proper together with the theorem
about removable singularities of plurisubharmonic functions (Hérmander, [17], 4.4),
it is easy to see that v is plurisubharmonic. By («) and the choice of C; we have

v(z') < (Ci|z1])%
For now let 0 < tg < p3 be arbitrary and define
Y:DxD—C? (a,b) — (to+ etla, 2(to + etia) + etib).

We have € < 1/2, hence 0 < to +etda < (3/2)p3 < p and 9(a,b) € [V(7wory,d, G, p).
In particular, we have v o ¥(a,b) < (Cy(tg + €td))? < Cf29td. Now fix a € D and
be|-1,1[\]-Lt5s~% Ltd 4. We claim

(5.17) ¥la,) €T (w07, A, D', p).

To prove this by contradiction, let us assume the existence of ¢ € 10, p[ and w € D’
with

(5.18) ¥(a,b) = ~(t) + t2w.

Comparison of the first coordinate yields

(5.19) to + etda =t + t2w;.

Since tg < p3, this implies [t(1+t21w1)| < ps+epd < 3p3/2, while |1+ w, | >
1—p2 'Ry > 1/2. Hence t < 3p3 and t* L wy| < (3p3)2 1R < (A —1)/(2)).
Together with €|a] < (A —1)/(2\) this leads to
to — t| = [t2w1 — etal = |(t — to)t> Twy + to(t2 wy — ety a)
<|t—t |)\_1+t Al
< ol 5y 0y
So far, we have shown (1/\)|tg — t| < (A — 1)to/A and thus
t< Aoy < p2.

Comparison of the second coordinate of (EIR) yields y2(to + etda) + etdb = vo(t) +
t2wy. We isolate wy:

wo = etat " 2b+ (ya(to + etda) — yo(t)) 2.
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This equation is exploited using (5.19) and |b| > Lt5 ™%

A
t
lwa| > et&t™21b] — |to + etda — t] 55t~ > etd=2b) (f) — [tAwe |65t

431
> gﬂRQ — 3R = R».

As this contradicts w € D’, claim (&I7) is shown. Now set

o(a,b) = o(a,b).

Then
#(a,b) <1 for (a,b) € D x D,
¢la,b) <0 for (a,b) € ]-1,1[ x (]-1,1[\ |-Ltg %, Lty 7[).

By [7], Lemma 5.8, there is C'5 > 0, not depending on u, such that

#(a,b) < Cs <|Ima| + ‘Im b2 — L2t(2)(A*d)
If o] > (3/2)Lt>% then [7], Lemma 5.7, implies |Im /b2 — L2654 Y| <

3[Imb|/v/5. On the other hand, if [b| < 3Lt279, then |Im /b2 — L2t ™9| <

ALt5 4. This term can be estimated by a multiple of [Im a| provided |Im a| is large
enough. Hence there is Cy, not depending on u, such that for a,b € B(0,3/4),

) for a,b € B(0,3/4).

Cy|Im(a,b)| if [b] > 2Lt5~ or Ima| > frf~7,
C4tOA_d if b < 3Lt€_d and [Ima| < 4%t€_d.

(5.20) é(a,b) < {

To prove (E1H) and (EIG), fix z € I'(v,d, 0G, p3). Then there are w € 6G and
0 <t < ps with

(5.21) z = (t) + tw.

Of course, t and w are not unique. We start with some estimates that hold for
all choices of ¢ and w. Finally, the proof of (5I5) and (.I6) will be broken into
several cases with different additional assumptions concerning ¢ and w.

to:=Rez, a:= % Imz, b:= % (z2 — 72(z1)) -
Note that [Imwq| < dr1 <1 —1/A. Hence comparison of the real parts of the first
coordinate in (5.2 gives t =t — t? Rew; < tog +¢(1 — 1/)\) and thus
(5.22) to <l|z| and < M.
Equation (B.21]) also implies

d
t 4] 3
— ) I A <=
<t0> |mw1|<€ sy

A | =

1
al = —|Imz| =
ol = gltm
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To derive an estimate for |b| we use (B.14)

1 1
(5.23) [b] = —7 [12(t) — 72(21) + tTwa| < —(J3]t — 21| + t¥[wa])
ety ety

1/t d

¢ A
S <
<1 (£) Gl +luah < 3
The definition of ¢ is such that (5.23) implies |b| < 3/4 and thus a,b € B(0,3/4).
Then ¢(a,b) = w(z) is obvious. We will also need an estimate for [Imb| later on:

(93] w1 + [ws])-

1 1
(5.24) |Imb| = Et—d|1m22 —Im~a(z)] < i (|Im 22| + [Im(72(z1) — y2(Re z1))|)
0 0
1

1 2
< — ([Im 22| + [v2(21) — 72(Re 21)]) < —5 (|Im 22| + [Im 21|d3) < —[Im 2|,
ety ety ety

We have to distinguish three cases:
Case 7(z) € T'(w e v,A,3D', p3): Then it is possible to pick ¢ and w in (B21])
such that 7(w) € 3t2~4D’. Hence

d A
]. ]. t 3 t A—d R1 A—d
I =—|I =—-|— I <-|— t R <4—t .
|Tm a " |Tm 21 | e<t0> |mw1|€(t0> 0 1< 41
Concerning |b|, we get from (B.23)

3 3
|b| < E)\d(égRl + RQ)tAid < E/\A(53R1 + Rg)tOA_d

3531, A A—d
< _—_—— = .
< S5t 3Lt5

By (5:20) this implies ¢(a,b) < Cy4t5 ™ and hence (5.16) follows from
u(z) < 29C, 085 < 2910, CY 2|2,
Case |Im z;| > Ryt§': Then

1 R
Ima| = —[Imz;| > —1t0A_d.
ety €

Hence we are in the first case of (5.20), and claim (.15 follows using (524):

2d+20 Cd

u(z) < 2°C,CHAIm(a, b)) < —L|Im 2|
€

Case |Im 21| < Rit5 and 7(z) € T'(mov,A,2D’, p3): Then

z —(to)
te
The hypothesis of this case implies m(x) ¢ 2D’. Investigate its first coordinate:
lz1| = t;% |21 — Rez1| = tg 2 [Tm 21| < Ry < 2R;.

Hence the second coordinate must satisfy |z2| > 2R3. Because

z=~(to) + tyx for =

1 1
b= —tOA*dxg + — (12(Re z1) — 72(21))
€ ety

the estimate for |z3|, the assumption of this case and (5.14)) imply

2 1 5 31R 3
bl = Zt6 Ry - —altm 1|65 > (2R — 83 Ry) > S 2yh-d
€lo

A—d
€ 166 e Y 5Lt0 '
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Thus (5.20) and (524) imply

u(z) < 2¢C{Cytdim(a,b)| < [Im z|.

24+20CdCy
€
This proves (G.13) also in the remaining case.

Thus the proof of the intermediate claim is complete. To complete the proof of
the lemma, note first that by (BI5) the claim is shown for z € V NT(v,d, G, p3)
with 7(z) € T'(mw oy, A,2D’, p3). On the other hand, if 7(z) € IV(mw o, A, 2D’ p3),
then there are two cases. First, for z € VN IT(v,A,2D, p4), ps > 0, sufficiently
small, the claim follows from hypothesis (c¢) since (GI6) gives estimate («) of
PL(V,T'(v,A,3D,p)). For the remaining case, consider

w: FI(W077A73DI7P3) - [_00700[5
Z, = max{u(z) tzeVn F('%d) G7p3) \ F('Ya A53D5p3)) TF(Z) = Z,}'

Then w is plurisubharmonic by (b) and the argument concerning removal of singu-
larities in [17], 4.4. We have w(z’) < A1|z|® by (B16) and w(z') < 0 for all real 2’
by (a) and estimate (5) of PL(V,T'(v,d, dG, p3)). Hence the arguments that were
used for the proof of Lemma 5.8 also apply here, and we get

w(z') < Allm 2’| for 2/ € T'(mwoy, A, 2D, pg)
for suitable A, ps > 0. This completes the proof. O
Using Lemma 5.10 we are now able to prove:

5.11. Lemma. Let V be an analytic surface in C3 which contains the origin, let v :

10, a[— R? be a real simple curve, d > 1, and assume 0 € T, V. Let A := A4(v,d)

for A :=To(T,,aV)U TV and assume that the following conditions are satisfied:
(a) 0 €T, 4V is not a simple point of T 4V

(b) Ty,4V is locally hyperbolic at each real point.

(c) For each n € T qV NR3 which is regular, V is (v, d)-hyperbolic at 7.

(d) For each ¢ € T, AV NR3 there exist a zero neighborhood D¢ and pc > 0
such that V satisfies PL(V,T(v, A, + D¢, pe)).-

Then there exist an open zero neighborhood G and p > 0 such that V satisfies
PL(V,I(v,d, G, p)).

Proof. By (a) and Lemma 4.8 we get A < oo and T, AV # (). Hence we can choose
€ € R3, €] = 1 satisfying

(5.25) £ ¢ To(T,4V),
(5.26) & is not characteristic for the algebraic variety T, AV.

Moreover, (a) implies the existence of k € N, k > 2, such that there are k different
branches Si,..., S, of B¢ NR® which are equivalent modulo d to . Denote by
& € R3,|&1| = 1, their common tangent at the origin and choose & € R?,|&| =1,
so that (&1, &2,£) are linearly independent. Modulo a real linear change of variables
we may assume that (£1,&2,€) = (e1, €2, e3) are the standard basis vectors of R3.

Since ey is tangent to v(]0,«[) in the origin, Lemma 2.5 implies that we may
assume that 7 is in standard parametrization with respect to the basis (e1, e, e3);
consequently we have

(5.27) V() = (872(1),73(1)), |y ()] = o([t]), 7 = 2,3.
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Then note that (5.25) and (5.26) imply
(5.28)  7:C3 = C?, (21,22, 23) := (21, 22, 0) is noncharacteristic for T, 4V,
(5.29) there exists C' > 1 such that |z| < C(1 + |7 (2)]), for all z € T, AV.

Since T, 4V is locally hyperbolic at zero by (b), it follows from Braun [5], Corollary
12, and (5.25) that T, 4V is locally hyperbolic with respect to the projection .
Hence we can choose an open zero neighborhood G in C3 such that the following
holds:

(5.30) If z€ T, 4V NG and 7(z) is real, then z is real.

By Lemma 4.10, the set M, 4 of all nonsimple points of T, 4V is a finite union of
real lines, parallel to e; when d > 1 and M., 1 \ {—e1} is a finite union of open real
rays for each of which —e; is an adherent point. Letting /’\/IVA,,d =Myqifd>1
and M%1 =M, 1\ {—ei} if d =1, we can choose G so small that the following
holds:

(5.31) GN M, 4 is connected.
Furthermore we may choose p; > 0 and G so that

(5.32)  Each branch T of Be NR? which satisfies T N T(v,d, G, p1) # 0 is
equivalent to v modulo d.

Note that (5.30), (5.31), and (5.32) remain true if we replace G by any smaller zero
neighborhood and p; by any smaller positive number. Hence we can apply Lemma
5.8 to get € > 0,8 > 0, and p; > 0 such that for G := B(0,¢)? x B(0,4) we have
(5.30), (5.31), and (5.32) as well as

T VN F(’)/ada G;Pl) - F,(’/T © P)/ada G,apl)

is proper.

Next note that by the definition of A we can choose Ry > 0 and 0 < py < py
such that for Dy := B(0,Ry)? x B(0,C(1 + v2)R;) we have T'(y,A, Dy, p2) C
F(’Ya da Ga P2) and

(5.33)  Each branch T of B¢ NR? which is equivalent to v modulo d is con-
tained in I'(v, A, D1, p2).

Now note that by the hypotheses (b) and (c) we can use the same arguments as in
the proof of Case 1 in Lemma 5.9 to prove the following (shrinking ps if necessary):

(5.34)  For each z € V. NTI(y,d,G,p2) for which 7(z) is real and w(z) ¢
I(mo~,A, D}, ps +¢), z is real.

Next we claim:

(56.35)  For R > 0 let S := 2C(2R + 5) + 2, where C is the constant in
(5.29). Then for each L > S there is 7 > 0 such that 0 < t < r,
¢ € B(0,R)? x B(0, L), and v(t) + t2¢ € V imply |G3] < S.

To prove (5.35) fix R > 0 and L > S, let Q := B(0,R)? x B(0, L), and choose
n > 0 so small that 722 < 1,(1 —n22)~2 <2, and (1+7n22)2 < 2. Since v is in
standard parametrization, v can be extended analytically to B(0,«) \ ]—oc0, 0] and
we can choose 0 < rg < « such that

(5.36)

O+ (L+2R) < 26, £ €10, 1 (9)] < 55

55> 5 € B(0,r9)\]—00,0], j =2,3.
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Moreover, it follows from [9], Proposition 5.4, that there is 0 < r < ro/(1 + n2%)
such that for each z € V NIT(v,A,Q,r) there exist 7 € B(0,a) \ |—00,0] and
v € T, AV satisfying v; = 0 such that for w := () + 7%v we have

(5.37) |z — w| < nlz|?.

Next fix z € VN T(y,A,Q,r) and choose 0 < t < r and ¢ € 2 such that z =
v(t) +t2¢. Let 7,v, and w be as above so that (5.37) holds. Then ¢ € Q and (5.36)

imply N R
2] < (O] + t2[¢] < v + 7 (L +2R) < 2t

From this and (5.37) we get
= t] = Jun — 21] < Jw — 2| < nlz|* < (20>,
By the estimate on r, this implies
|| < |7 —t] +t < 20> +t < t(1+72%) < (1 +32%) < 7.
Hence we can apply (5.36) together with ¢ > 0 to obtain

(539) hs(r) = (0] < g =, j=2.3
Also because of t < 1 we get

t1—2%n) <t—|t—7| <|7| <t+|t—7| <1 +2%).
By the choice of 7 this gives

|4 1 4 A A
<( ) <2and | 7| < (1+2%)% <2

T

1—-24p
Using the first one of these estimates, (5.38), and |(2] < R we now obtain

2] = gl = 92(r)] < g (1 2l + |22 = 50(0)] + () = ()
P\ A
< (H) (2%n+R+n) <2(R+2)=2R+4.
Since v = (0, v, v3), we get from this and (5.29)
jog] < [o] < C(L+ [7(0)]) < C(1+2R+4) = C(2R +5).
Now note that from this and (5.38) we get

6o = sl = 15(0)] < o (15— ws] + s — 7] + s(r) — 750

A
§772A+H lvg| +n < 2C(2R+5)+2 =S,

which proves (5.35).

For Ry as above let Ry := 3Ry,S3 := 2C(2R3 4+ 5) + 2, Lo := S + 2, Dy :=
B(0, R2)? x B(0, Ly) and choose 0 < p3 < p2 so that (5.35) holds for these choices
of R, L, and p3 = r. Shrinking p3 if necessary, we may assume that for all ¢ € |0, p3|
we have
(5.39) mon(t) + [-t2 R, t* Ry x {2R1} C R\ (w0, A, D}, p3).

Then we claim that the following assertion holds:

(5.40) Ifz € (V\T(v,A, Ds,p3)) NT(v,d, G, p3) and 7(z) is real, then z is real.
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To prove (5.40), fix zp as in (5.40). If 7(z) ¢ (7w o7, A, D}, p3), then zy is real
by (5.34). If w(z0) € I'(w oy, A, D}, p3), then

7T(Z()) =Tmo V(to) + tOA(fla 52);
for some 0 <ty < p3 and (&1,&2) € B(0, R1)? NR2. Next define
G :]=Ro, Ro[ = R%,  5(s) :=mo~y(ty) + 5 (&1, ).

Since 7 : VNI'(v,d, G, p3) — I'(wro~,d,G, p3) is a branched covering map, we can
choose a continuous map

o :]=Rg, R2| = V NT(y,d,G, p3) satisfying m o 0 = & and zg = 0(&2).
By (5.39) we have 6(2R;) € R? \ I'(r o v, A, D}, p3). Hence (5.34) implies that

0(2R;) is a real regular point of V.
Next note that (5.35) and our choices imply

M:={s€]-Ry, Ro: %WS(S) —73(to)| < La}

1
={s €]-Rq, Ry[: t_A|03(8> —73(to)| < Sz}
0
Since |— Ra, Ro[ is connected, M is either empty or M = |— R, Rz[. Since

1 1
= lo3(&2) —13(to)| = -x120,3 — 13(t0)| = Lo,
o o

we must have M = () and hence

1
t—A|03(s) — v3(tg)| > Lo for all s € |—Ra, Ra].
0

This implies that the lifting o cannot pass through any real branch point of 7 on
V NT(v,d,G, ps), since all of these lie in I'(y, A, D, p3). Consequently, the lifted
curve s — a(tg + 51, v2(to) + 8 s, 03(s)) is unique and real analytic as a function
of s € |—Ra, Ra[. However, o(s) must be real if 2R < s < Rp, so in fact it must
be real for each s € |—Ra, Ro[. In particular, zp = o(&) is real, which completes
the proof of (5.40).

Now note that by (5.27), (5.32), (5.35), (5.40), and the hypothesis (d) in con-
nection with Lemma 5.6, the hypotheses of Lemma 5.10 are fulfilled for D :=
%DQ and suitable 0 < p < p3. To derive from Lemma 5.10 that V satisfies
PL(V,T(v,d,G,p)) let A, b, and ps be the constants which exist by that lemma.
Then fix u € PSH(V NT'(v,d, G, p)) satisfying

u(z) < |2|%, 2 € VNT(y,d, G, p) and u(z) = 0 for z € VNR3NT(v,d, G, p).
By Lemma 5.10, this implies
(5.41) u(z) < AlImz|, z € VNI(y,d,00G, pa).
To conclude from (5.41) that V satisfies PL(V,T'(v,d, G, p)) assume first that d = 1
and fix a compact subset K of G, w.lo.g. K = B%(0,e1) x B'(0,6;) for suitable
0<ep <eand 0 < d; <. From (5.31) and Lemma 4.10(a) it follows that each
point n € KNR3*\Rx {0} x {0} is a simple point of T 1V. Therefore, it follows from

condition (b), Lemma 5.9, and Lemma 5.7, that we can find a zero neighborhood
Uy, Ay > 1 and 1, > 0 such that

u(z) < Ayllmz|, 2 € VNAT(y,1,n+T,,p) N B*0,r,).
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Because of this and (5.41), a compactness argument implies that we can find Ay > 1,

§2 > 0 and 0 < ry < py such that for K7 := K NR3 + B3(0,d2) we have
(5.42) u(z) < Ap|Tm z|, 2 € VN T (v, 1, Ky, p) N B*(0,73).
Since there exists p > 0 such that
|Imz| 2> /J/|Z|’ z € F(r% 15K7p) \ F(r% 15Klap)a

the a priori estimate for v and (5.42) imply the existence of A > 1 and 0 < r3 < ro,
such that

u(z) < Allmz|, 2 € VNT(v,1,K,p) N B30,r3).
Hence V satisfies PL(V,T'(v, 1, G, p)) in this case.

If d > 1, then obvious modifications of the above proof, using (5.31) and Lemma
4.10(b), give the desired conclusion also in that case. O

5.12. Lemma. Let V be an analytic variety in C™ which contains the origin.
Assume that for each & € ToV NR™, || = 1, a conver open zero neighborhood
D, c B™(0, %) is given. Then there existm € N and &y, ..., &m € ToVNR™, |€;] =1,
andn >0, 0 <r < & such that for S; := {t&; : t > 0} and D; := D¢,, 1 < j <m,
the following holds:

VNB(0,r) c | JI(S;.1,2D;,1) U{z € C": Imz| > y|2[}.
j=1

Proof. Note first that the following statement can be derived easily from the defi-
nition of Ty V in 2.1:

(5.43)  For each € > 0 there exists r(¢) > 0 such that for each z € V' N
B(0,r(g)) there exists ¢ € ToV satisfying |z — (| < g]z|.

Next let S := {x € R" : |z| = 1} and use a compactness argument to find m € N
and &1,...,&m € THiV NR", |¢;| =1, such that

m
SNTyV C [ JT(Se,,1, Dy, 00).

j=1

Since TyV is a homogeneous variety, this implies the existence of ¢ > 0 such that

(5.44) Im¢| > ol¢| for ¢ €TV \ (JT(S;,1,Dj,00).
j=1
Now choose € > 0 so small that
1 2 5 ¢
-, < d D;+B(0,- —
e<g g =0 and D+ B0, 7
Next choose 0 < 7 < % so small that V' is a closed analytic set in B(0,r) and that
r < r(e), where r(g) is the number which exists by (5.43).
Now fix z € VN B(0,r) and assume |[Im z| < €|z|. Since r < r(g), (5.43) implies
the existence of ¢ € TyV satisfying

|z — ¢l < el2l.

)C QDJ‘.

From this we get
(I=e)lzl < [¢I < (1 +e)lz]
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and hence by the choice of ¢,
2e
] < [m =] + |2 — €] < 2ele] < ——[¢] < o]

By (5.44) this implies that for some j we have ¢ € I'(S;,1, D;, 00). Therefore, there
are t > 0 and w € D; such that

¢= tfj + tw
and consequently z —t£; = z — ( +tw. Now note that the hypothesis on D; implies
€ t o€

1—5(t+1)§4(1—5)

€
—( < < — <
= ¢l < elsl < Tl <
Hence the choice of € gives

2 € t&; +tD; + tB(0, ) C t&; +12D; C T(S;,1,2D;, 00).

oe
4(1—¢)
Now note that D C B(0, 1) implies
1 3
S|l =lz—C|>t— =t —elz| = 2t —elz].
el 2 Il — |z = Cl 2 £ — Tt —elel = St el
Since |z| < r, we get from this and the choice of ¢ and r that
4 2 1
t<=(1 —(1+=-)=1.
< 3( +e)r < 3( +2)

Hence z belongs to I'(S;,1,2D;,1). If we let 1 := ¢, then we have shown that each
z € VN B(0,r) which satisfies |Im z| < n|z| is in U;nzl I'(S;,1,2D;,1), which proves
the lemma. (]

5.13. Lemma. Let V be an analytic variety V in C" of pure dimension k > 1 which
contains the origin. If V satisfies the following conditions:
(a) V satisfies RPLyoc(0),
(b) for each & € ToV NR™, |£| =1, there are an open zero neighborhood Ge in
C™and pe > 0 such that V satisfies PL(V,T'(ve, 1, Ge, pe)) for ve 1 t— &,

then V' satisfies PLioc(0).
Proof. Choose 0 <1 < % such that V is a closed analytic subset of B(0,r). It is no
restriction to assume that the sets G¢ in (b) are of the form 3D; for some convex

open zero neighborhood Dg C B(0, %) Applying Lemma 5.12 we find 0 < p < 7,
n>0, meN, and &,...,&, € ToV N S™ ! such that

(5.45) VN B(0,p) C | JT(7e,,1,2D¢,, 1) U{z € C" : [Im 2| > nlz[}.
j=1

Since V satisfies RPLyoc(0), we get from []], Lemma 8, that there is Ay > 0 such
that each v € PSH(V N B(0, p)) which satisfies

(@) u(z) <1, 2€ VN B(0,p) and
(B) u(2) <0, z€ VN B(0,p) NR?

already satisfies
(7) u(z) < Aolz|, z € VN B(0O, p).
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To prove that V satisfies PLjo(0), fix any u € PSH(V N B(0, p)) which satisfies («)
and (8), hence (y). From this and (5.45) we get

A
(5.46) u(z) < Aplz| < 70|Imz|7 zeVNBO,p)N{zeC:[Imz| >n|z|}.

Since V' satisfies PL(V,I'(S¢;,1,3Dg,,r¢)) for 1 < j < m it follows from Lemma
5.6 that V satisfies PL(V,T'(Sg;,1,3D¢;,1)). Since 25@ is a compact subset of
3Dg,, this implies that there exist A;,r; > 0, depending not on wu, such that for
1<y <m

(5.47) u(z) < AjAo[Imz|, 2 € VNI(Sg, 1, 25@, 1) N B(0, ;).

Now let A := Aomax{%,Aj :1<j<m}and ro:=min{r; : 1 <j <m}. Then
(5.46) and (5.47) imply that

u(z) < AlImz|, z € VN B(0, 7).
Hence we proved that V satisfies PLjoc(0). O

5.14. Remark. Let V be an analytic variety in C™ which contains the origin, let
7 € (ToV)reg N R™ be given and define v : ¢t — tn. If V is (v, 1)-hyperbolic
at 0 € T,,1V, then V is (v,1)-hyperbolic at 0 with respect to each projection
m: C" — C" which is noncharacteristic for 7, ; V" at 0 and noncharacteristic for V'
at the origin. In particular, V' is 1-hyperbolic at 0 with respect to 7 in the sense of
[8], Definition 9. This remark can be proved by the same arguments that we used in
the proof of [8], Proposition 12. In that proof, the first part is needed to move to a
point in (ToV )reg NR™, which is now guaranteed by the hypotheses. Note also that
the main argument in the proof is the same one that we used to prove Proposition
3.12.

Proof of Theorem 5.3. (a) = (b): Apply Theorem 3.13 with n = 3, k = 2.

(b) = (c): The first condition in (c) follows from (i) in 3.13(b) and 2.7(b). All
the other conditions are a subset of those in 3.13(b).

(¢) = (a): To apply Lemma 5.13, note first that V satisfies RPLjo(0). This
follows from [8], Theorem 10, if we show that for each irreducible component W
of TyV there is n € W N R? such that V is 1-hyperbolic at 0 with respect to
n and —n in the sense of [§], Definition 9. Since TV and hence ToW satisfy
PLjoc(0) by hypothesis, (ToV )reg N R3 N (ToW )yeg # 0. Therefore, the hypotheses
in 5.3(c) together with Remark 5.14 imply that the hypotheses of [§], Theorem 10,
are fulfilled so that V' satisfies RPLjoc(0).

To show that the second condition in Lemma 5.13 is also fulfilled, fix ¢ € S? and
distinguish the following cases:

Case 1: 1 € (TyV)reg NS?. Then V is (v¢, 1)-hyperbolic in n — ¢ € T, 1V
by hypothesis. Therefore, Lemma 5.7 implies the existence of a zero neighborhood
G in C® and of r > 0 such that V satisfies PL(V, I'(y¢,1,7 — ¢+ G,r)). Since
I(ve,1,m— ¢+ G,r) =T(y,,1,G,r) this proves that condition 5.13(b) holds for 7.

Case 2: ) € (ToV)sing N S? and n — ( is a simple point of Ty 1V. Since ToV
satisfies PLjoc(0) by hypothesis, it follows from Theorem 2.7(b) and Proposition 3.5
that T, 1(ToV) = To(ToV) — n = ToV — n satisfies PLj,c(0). Hence Ty V satisfies
PLioc(n). Therefore, Braun [5], Corollary 12, shows that T, 1V = ToV — ( is
locally hyperbolic at n — ¢. By the homogeneity of TyV, the hypotheses of 5.3(c)
imply that V' is (v¢, 1)-hyperbolic at each r € (T, 1V )reg N R3. Consequently, V
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is (¢, 1)-hyperbolic at 7 — ¢, by Lemma 5.9. Therefore it follows as in Case 1 that
the condition in 5.13(b) holds for 7.

Case 3: n € (ToV)sing N S? and 1 — ¢ is not a simple point of T, .1V. By
the remark following Lemma 4.9, the present hypothesis implies that n belongs to
the set M, defined in section 5.1 and that for A(n) = T;,(ToV) U TV, the pair
(0, A4 (5, 1)) belongs to Cy. In particular C # §) and by section 5.1 there exists

N € N such that C = U;V:1 C;. We claim that the following assertion holds:

(5.48)  For each 1 < j < N, each (v,d) € C;, and each £ € T, 4V NR3 there
exist an open zero neighborhood D¢ and pg > 0 such that V satisfies
PL(Va F(’Vv d, DEv pf))

If (5.48) holds, then we can argue as follows: By the remark following Lemma 4.9,
0 € T;, 1V is not a simple point of T,,, 1V = ToV —n. By the arguments in case 2,
V' is locally hyperbolic at each real point of T, 1V and (o, 1)-hyperbolic at each
real regular point of 7, 1V NR3. Hence the conditions (a)—(c) of Lemma 5.11 are
fulfilled. By (5.48), also condition 5.11(d) holds. Hence this lemma implies the exis-
tence of a zero neighborhood G and p > 0 such that V satisfies PL(V,T'(0y, 1, G, p)).
Consequently, condition 5.13(b) holds for 7 also in this case.

This shows that, by Lemma 5.13, V satisfies PLjoc(0) if we prove (5.48). To do
so we argue by induction downward from N to 1. To start the induction, note that
by (5.2) for each (v,d) € Cy all points in (T%,4V )sing N R? are simple points. Since
the definition of C in section 5.1 and the hypotheses in 5.3(c) imply that for each
¢ € T, 4V NR3 the hypotheses of Lemma 5.9 are fulfilled, we conclude from this
lemma and Lemma 5.7 that (5.48) holds for j = N.

Assume now that (5.48) holds for j + 1, where 2 < j 4+ 1 < N. To show that
(5.48) also holds for j, fix (v,d) € C; and n € T, 4V NR3. If 1 is a regular point
of T, 4V, then the hypothesis (ii) in 5.3(c) together with Lemma 5.7 implies that
(5.48) holds for 1. If n € (Ty.aV )sing NR? is a simple point of T, 4V, then condition
5.3(c)(i) together with Theorem 2.7(c) and Proposition 3.16 implies that T, 4V is
locally hyperbolic at 7. By condition (ii) of 5.3(c), the second condition in Lemma
5.9 is also fulfilled. Hence we get from Lemma 5.9 that V is (v, d)-hyperbolic at 7.
By Lemma 5.7, this implies that (5.48) holds for n in this case.

If n € (T,4V )sing "R is not a simple point of T, 4V, then it follows from Lemma
4.9(b) that there are ( € M, q and 7 € R such that n = ¢ + 7§y, where  is the
tangent vector of v at zero. First assume 7 = 0. In order to apply Lemma 5.11,
define ¢ as in section 5.1 by y¢(¢) := (t) + (t?. Then it is easy to check that
Ty..aV =Ty 4V — (. Hence 0 is not a simple point of T, 4V and consequently
condition 5.11(a) holds. By the same reason, the conditions 5.11(b) and (c) follow
as before from the conditions 5.3(c)(i) and (ii). Since To(T  4aV) = T¢(Ty,aV),
we have A(7,¢) = A(c,0) in the notation of section 5.1. Hence A9 (y,d) =
AAOO) (yo d) =: A. Since (v, A) € Cjy1 by the definition of Cj41, the induction
hypothesis implies that for each § € T’ AV NR3, there are a zero neighborhood G¢
and p¢ > 0 such that V satisfies PL(V,T'(v¢, A, € + Ge, pe)). Therefore, the condi-
tions (a)—(d) of Lemma 5.11 are fulfilled. Hence this lemma implies the existence of
a zero neighborhood G and p > 0 such that V satisfies PL(V, (¢, d, G, p)). Since
L(ve,d,G,p) =T(v,d,(+ G, p), V satisfies PL(V,T'(,d, ¢ + G, p)).

Now consider n = ¢ 4+ 7& for arbitrary 7 € R. Then it follows from (4.2)
that there are a zero neighborhood D,, and p, > 0 such that I'(y,d,n + D,, p,) C
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I'(v,d,¢ + G, p). Hence it follows from Lemma 5.6(a) that (5.48) holds for n also
in this case. U

6. APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

In this section we are going to apply our main theorem together with a result of
Hormander [17], to derive a new characterization of the linear partial differential
operators with constant coefficients which are surjective on the space A(R*) of real
analytic functions on R*. The first step to do this is the follow lemma.

6.1. Lemma. Let P € Clz1,. .., 2n+1] be homogeneous and let € € V(P)NR™ L ¢ £
0, be given. Choose &1,...,&, € R such that {&1,...,6,,&} is a basis of R*H
and define

Q) = P(Z z;&; +§), 2= (z1,...,2,) € C".
j=1

Then V(P) satisfies PLioc(§) if and only if V(Q) C C™ satisfies PLioc(0).

Proof. Tt is no restriction to assume that £ = (0,...,0,1) and Q(2') = P(z,1).
Since P is homogeneous, the map

Zl

1
FoV(P)A(BY(0,1) % B'(1,3)) = V(Q), F(,zn1) = -
n+1
has, indeed, values in V(Q).
Assume now that V(P) satisfies PLjoc(§). Then Lemma 3.3 implies that there
exist A > 0 and 0 < r < 1 such that each u which is plurisubharmonic on the set
B:=V(P)N(B"(0,1) x B'(1, 3)) and satisfies

uw(z) <1, z€ B and u(z) <0, z€ BNR"H!

also satisfies

u(z) < A|llm z|, z € V(P) N B" (¢, 7).
Now fix v € PSH(V(Q) N B™(0,2)) which satisfies the conditions («) and (5) of
Definition 3.1. Then note that F'(B) C B™(0,2). Hence v := v o F' is plurisubhar-
monic on B and satisfies u(z) < 1 for 2 € B. For 2 € VN BNR" F(z) is in
V(Q)NR"N B(0,2), hence the condition (3) for v implies u(z) < 0. Consequently,
we have

u(z) < A|llmz|, z¢€ V(P)n B" ", r).
By the definition of u, this implies in particular

Allm 2’| > u(z',1) =v(F(2',1)) =v(z'), 2" € B"(0,r).

Hence V(Q) satisfies PLioc(0).

To prove the converse implication, fix z,,1 € B*(1, i) N R and note that the
map

G:V(Q)—V(P), G():=(xnt17, Tni1)

has, indeed, values in V(P). Since V(Q) satisfies PLjoc(0), we get from Lemma
3.3 that there exist Ag > 0 and 0 < 79 < 1/2 such that 3.1(vy) holds for all
functions ¢ on V(Q) N B™(0,%) which satisfy 3.1(a) and 3.1(3). Now let u €
PSH(V (P) N B" (¢, 1)) be given and note that G(V(Q) N B™(0,1)) c B"+1(¢, 1).

Hence
o(2) = u(G(")), ' € V(Q) N B0, %)
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is plurisubharmonic and satisfies the conditions 3.1(cr) and (8) on B"(0, 3). Hence
it also satisfies

0(2') < Agllm 2’|, 2’ € V(Q) N B™(0,ro).
Next note that for w € B™(0,%) we have |w/z,41| < ro/3 < ro. Hence the
definition of ¢ and the previous estimate imply

w
u(W, Tpt1) = 80(—01j +1) < Ap|/Im
n

Tn+1
Consequently, since 1/x,41 < %,
4 1
w(w,@n1) < g Aollmuwl,  (w,ze4n) € V(P)N (B0, ) x B'(L, 7).
Next fix z = (2/, zn41) € V(P)NB™(0, %) x B'(1, %), let w := 2’/zp41 and note
that [w| < 2 - 2. Since P is homogeneous, (Aw, A) belongs to V/(P) N (B™(0, %) x
B'(1, 1)) for each A € B(1,1). Hence the function

X1 BY(1, 3) = [-00,00], X(A) 1= u(Aw, A) — Ag|Tmu]

is bounded above by 1. The previous estimate shows that x(\) < 0 for A €
B(1, i)ﬁR. Hence a standard argument, using estimates for the harmonic measure
of the half disk, implies the existence of A; > 1, not depending on u, such that

x(\) < Aj|Im )\, X € B'(1, é).

From this estimate and the definition of y it follows that
w(2) = w(znt1w, 2nt+1) = X(2nt1) + Ao|Imw| < Ay|[Im 2, 41| + Ag|Im w.
To estimate this further, note that

z

!
| < V3|Im2'| + 2[Tm 2, 14].
Zn+1

Hence we get for z € V(P) N (B™(0,%) x B*(1, %)) that

u(z) < AgV3|Im 2’| 4 (240 + A1) |Im 2, 41| < C|Im 2],

where C' does not depend on u. Obviously, this implies that V' (P) satisfies PLjoc(€).
O

|Im w| = |Im

6.2. Definition. Under the hypotheses of Lemma we call the polynomial @
defined there a reduction of P at £&. Note that there are many reductions of P at &,
however, Lemma [E.T]shows that each can be used to decide whether V(P) satisfies
PLIOC (E)

6.3. The Whitney cone C,(V,¢). Let V C C™ be an analytic set and let £ € V.
Then the Whitney cone Cy(V, &) consists of all those v € C" for which there are
sequences (z;)jen in V and (v;)en in C™ such that lim; . z; = £ and lim;_, v; =
v and, for each j, the point z; is a regular point of V' and v; € T, V.

6.4. Remark. If V is analytic of pure dimension k, then dim C4(V, &) > k for each
& €V (see Chirka [14], 9.2). Furthermore, the set

W:={£ eV :dimCy(V,¢) > k}

is analytic of dimension not exceeding k — 2 ([14], Lemma 9.4). In particular, if V'
is a homogeneous algebraic hypersurface in C*, then W consists of a discrete set of
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complex lines. Since these can accumulate nowhere, W consists of a finite number
of complex lines, and thus is algebraic. Using algorithmic commutative algebra,
it is also possible to construct explicit polynomial equations for W from a set of
polynomials defining V. For a detailed explanation we refer to [10].

One more fact, proved by Chirka in [14], 9.5, Proposition 2, about Cy(V, ) will
be used repeatedly: If V' is analytic of pure dimension k£ and irreducible in & € Viing
and if dim Cy(V, §) = k, then the dimension of Viing in € is k — 1.

6.5. A partition of V(P). For homogeneous P € C[Z1, ..., Z4], we partition V(P)
into the following sets Vy, 0 < d < 3:

(a) V3 is the set of regular points of V(P) \ {0},

(b) Vo :={2 € V(P)sing : ## 0, V(P)sing regular in z, dim Cy(V(P), z) = 3},
(¢) Vi =V (P)sing \ (V2U{0}),

(d) Vo :={0}.

6.6. Lemma. Let 0 <d < 3:

(a) V4 and V4R both have at most a finite number of connected components.
(b) Vg is either empty or dim Vy = d.

Proof. V4 and V;NR* are semi-algebraic, hence admit a triangulation (see Bochnak,
Coste, and Roy [3], Théoreme 9.2.1). This proves (a).

(b) is immediate for d = 0 and d = 3. If £ € Vi, then & € (V(P)sing)sing OF
dim Cy(V(P),&) = 4. Using Remark the claim follows for the case d = 1. To
treat the remaining case, fix £ € V5. It suffices to show that the dimension of
V(P)sing in € is 2. To do so, let [V(P)|¢ = [Z1]¢ U --- U [Z;]¢ be a decomposition
of the germ into irreducible components. Assume first that all Z; are regular
in . Then ! > 2 and dimZ; N Zy = 2. Since Z1 N Zy C V(P)sing, the claim
is shown for this case. Now assume that there is j such that Z; is singular in &.
Then dim C4(Z;,€) = 3 since Whitney cones of type C4 are additive by [14], 9.1,
statement 3. Then Remark 6.4 shows that the dimension of (Z;)sing in § is 2. O

6.7. Proposition. Let P € C[Zy, ..., Z4] be homogeneous and let d € {1,2,3}. The
set of points € € V4 NRY such that V(P) satisfies PLioc(€) is closed in Vg NR%.

Proof. Pick ¢ € V3 NR* such that PLjy(£) does not hold. Fix &, &, &3 € R* such
that (£1,&9,&3,€) is a basis of R?, let @ be as in Lemma [6.1], and define

3
Wai={(¢1.G.G5) € V(@) SAPITE Vaf.

Since P is homogeneous, V(P) satisfies PLioc(£) at € € V(P) N R4, € # 0, if and
only if V(P) satisfies PLyoc(t€) at € for all ¢ > 0. Hence Lemma [6.I]implies that it
suffices to consider Wy in a neighborhood of zero instead of V; in a neighborhood
of €.

Consider the case d = 3 first. Then locally near zero, W3 is a graph, i.e., there
are neighborhoods of zero U C C? and U; C C? and a holomorphic function f such
that

(6.1) W3 NnNU = {(Zl,ZQ,f(Zl,ZQ)) : (21,2:2) S Ul}

in suitable coordinates. Since V(Q) does not satisfy PLjoc(0), Hormander [I7],
Theorem 6.3 and proof of Theorem 6.5, imply that not all Taylor coefficients of f
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are real. Since the description (G) holds in a whole neighborhood of zero, the
claim is proved for d = 3.

Since W7 is finite there is nothing to prove for d = 1.

Finally consider the case d = 2. Then there is at least one component [Z]y of
the germ [V (Q)]o which does not satisfy PLjoc(0). Let us first treat the case that
0 is a regular point of Z. Then the argument used to treat d = 3 shows that
there is whole neighborhood U of 0 such that Z does not satisfy PLjoc(¢) for any
¢ € ZNUNR3. Since V(Q) is singular in 0 there must be an additional component
of [V(Q)]o, which we will denote by [Z1]o. Then Z N Z; C V(Q)sing. Note that
dmZNZ; =1 > dimV(Q)sing and that V(Q)sing is regular in 0 since 0 € Wa.
Hence Z N Z; and V(Q)sing coincide near 0. In particular, Wo C Z locally near 0,
and the claim follows from the regularity of Z in 0.

Now let 0 be a singular point of Z. Then 2 < dim Cy4(Z,0) < dim Cy(V,£)—1 =2
and hence, by Remark B4, the dimension of Zgne in 0 is 1. Then [Zgnglo =
[V (Q)singlo since [V (Q)singlo is regular and has dimension 1. Hence [Zging|o is also
regular, and there is a neighborhood U of 0 such that each ( € Zs,,NU is a regular
point of Zg, satisfying dim C4(Z, () = 2 and such that Z is irreducible in ¢. Now
the proof of Braun [5], Theorem 11, shows that Z does not satisfy PLjo.(¢) for any
C € Zsing NUNRL O

Remark. The main geometrical ingredient in the proof of Braun [5], Theorem 11,
is Theorem 4.2 of Stutz [B1]: Let Z C C™ be an analytic variety of codimension 1
which is irreducible in z € (Zsing)reg, assume dimCy(Z,2) = n — 1, and let L
be a hyperplane transversal to Zgns in z. Then it is clear that Z N L is a curve
that can be described by a Puiseux series. Stutz proved in this context that the
parameters in this Puiseux series vary analytically with w € Zgn, NU, where U is a
suitable neighborhood of z. Hence Stutz’s theorem is a result about equisingularity
in the spirit of Zariski [35]. Thus the singularity type is constant in the connected
components of V5. The same holds for V3, since all regular points are alike, and
for V4, since V3 U {0} is a finite union of lines.

To apply our results to the characterization of surjective partial differential op-
erators on A(R*), the space of all complex valued real analytic functions on R*, we
need a few notations:

6.8. Notation. Let P € C[Zy, ..., Z4] be a polynomial and let P, be its principal
part. If P = Z|a\gm aoz%, then the corresponding partial differential operator is
defined by

e O

loe|]<m

Let
3
V(Pm) = U Va
d=0
be the partition of the variety V(P,,) of the principal part defined in section
For1<d<3let Zg1,...,2q N, be the connected components of Vz N RY.

6.9. Theorem. Let P € C[Z,...,Z4] be a polynomial and let P,, be its principal
part. The following are equivalent:

(a) P(D): A(R*) — A(R*) is surjective.
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(b) V(P,,) satisfies PLioc(€) for each € € V(P,,) NR*\ {0}.

(c) For each d € {1,2,3} and each j € {1,...,Ng} there is & € Zg; such that
V(Pn) satisfies PLigc(§).

(d) For each &€ € V(Py)NR*\{0} a reduction of P,, at & is hyperbolic in conoids
at the origin.

(e) For each d € {1,2,3} and each j € {1,...,Ng} there is & € Zg; such that
a reduction of P, at £ is hyperbolic in conoids at the origin.

Proof. The equivalence of (a) and (b) was proved by Hormander [17], 1.1, 1.2, and
2.1. The set of points £ € V; NR?* for which V(P,,) satisfies PLjoc(£) is open in
V(P,,) NR* by Lemma 3.3 and closed in V3 N R* by Proposition [6.71 This shows
the equivalence of (b) and (c¢). Theorem 5.3 and Lemma 6T imply the equivalence
of (b) and (d) and of (c) and (e), respectively. O

6.10. Corollary. For P and P, as in Theorem[69 and for each convexr open set
in R? the surjectivity of P(D) : A(2) — A(Q) implies that the equivalent conditions
in Theorem hold.

Proof. This follows from Hérmander [17], since the surjectivity of P(D) : A(Q2) —
A(Q) implies the surjectivity of P(D) : A(R*) — A(R?). O

6.11. Remark. Define the homogeneous polynomial P € Cl[z1, ..., z4] by
P(x1,...,24) = 23 (23(23 + 23) + x3) + 25 + 2§ + 5.

Using localizations at infinity, Langenbruch [20], p. 256, showed that for the half
space 0 := {z € R*: 24 > 0} the operator P(D) : A(Q) — A(Q) is not surjective.
In Example 7.8 below, we show that P fails the conditions in Theorem Hence
for each convex open set © in R*, prove that P(D) : A(Q) — A(Q) fails to be
surjective, by Corollary G101

7. FURTHER RESULTS AND EXAMPLES

In this section we prove the theorem that is stated in the Introduction and we treat
several examples in order to show how our main results in sections 5 and 6 can
be applied. To do this we first indicate that Theorem 5.3 can be interpreted in
an algorithmic way and that it simplifies considerably if all relevant limit varieties
have multiplicity one.

7.1. An algorithm. Let V be an analytic surface in C® which contains the origin.
We now show that Theorem 5.3 provides an algorithm that decides after finitely
many steps whether V' satisfies PLjoc(0).

(1) If ToV does not satisfy PLjoc(0), then V' does not satisfy PLj,.(0) by Propo-
sition 3.5. Otherwise determine (TpV )sing N .S?, fix £ € S? as in section 5.1,
let ~ye : ¢ — t€, and consider (2).

(2) If there exists n € (ToV)reg N S? such that V is not (v, 1)-hyperbolic at
n—¢&, then V does not satisfy PLjo(0) by Theorem 5.3. Otherwise consider
(3).

(3) If for each n € (TyV )sing N S?, n — £ is a simple point of Ty 1V, then V
satisfies PLyoc(0), because the construction of C in section 5.1 shows that
C = (). Therefore it follows from (1) and (2) that the hypotheses of Theorem
5.3(c) are fulfilled. Thus V satisfies PLjoc(0).
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Otherwise let
My := {n € (ToV)sing N S?, n — & is not simple }.

For n € My let v, : ¢t — tn and A(n) := T,,(ToV) UToV. Determine the
critical level A, := A4 (y, 1) and the limit variety T,, A,V and consider
(4).

(4) If there exists n € My, such that T, A,V does not satisfy PLjoc()) at any
A €T, a,VNR? then V does not satisfy PLioc(0) by Proposition 3.5.
Otherwise consider (5).

(5) If there exist n € My and A € (T, A,V )reg NR? such that V is not (v,, Ay)-
hyperbolic at A, then V' does not satisfy PLjo.(0) by Theorem 3.13. Other-
wise consider (6).

(6) If for each y € My, each X € (T, A, V)sing "R is a simple point of T,, A, V,
then V satisfies PLjoc(0) by Theorem 5.3. The reason is that by section 5.1
we have

Cr={(m,Ay) :n € M}
so that the present assumption implies Co = (), hence C = C;. Consequently,
it follows from (1)—(5) that all the conditions in 5.3(c) are fulfilled. Other-
wise let

Ci,c :={(7,d) € C1 : there exists ¢ € (T,qV )sing N R3, ¢ is not simple}
and define for (v, d) € Cy . and the tangent 1 to v at zero
M, g :={C € (Ty.aV)sing NR®: (¢,n) = 0 and ¢ is not simple}.
For ( € M, 4 define 7 as in section 5.1, let A(v,() := T¢(Ty,4V)NTHV and
determine A(y,d,¢) := A9 (4., d). Then consider (7).

(7) If there are (7,d) € C1 and ¢ € M, 4 such that T a(y,a4,c)V does not satisfy
PLioc(N) at any A € Ty am,d0)V NR3, then V does not satisfy PLjo.(0) by
Proposition 3.5.

This procedure may now iterate for a while. However, after finitely many steps, we

either find an obstruction against PLj,.(0) or all the hypotheses of Theorem 5.3(c)
are fulfilled and hence V satisfies PLjo.(0) by Theorem 5.3.

The following lemma shows that under certain hypotheses on the limit varieties,
(7, d)-hyperbolicity holds automatically.

7.2. Lemma. Forr > 0 let f: B"(0,7) — C be a holomorphic function which is
real over real points and vanishes at the origin. For ¢ € N let v(t) = Z]Oiq agti’a
be a real simple curve and let d € Q, d > 1 be given. For wy := wo(d) defined as in
Definition 2.10 consider the expansion of f(y(t) + z) from (2.2) and assume that

(7.1) OFu

9% (1,€) # 0 for some & € V(F,,(1,-)) NR".

n

Then V =V (f) is (v, d)-hyperbolic at & with respect to the projection w : C"* — C",
(2, z) = (2/,0).

Proof. Choose | € N such that dl € N and such that ¢ divides I. Then there is
€ > 0 such that

h:B"(&e) x B'(0,e) = C, h(z,u) = F,(1,2) + Y u'“ 0 F,(1,2)

w>wo
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is a holomorphic function. This follows from the convergence properties of the
series ) . F, and the fact that by the choice of I and wo, I(w — wp) is a natural
number for each w for which F,, #Z 0. Note that h is real over real points, since f
has this property. Obviously, the hypothesis implies

oh OF.,

Hence the implicit function theorem implies the existence of p > 0, > 0, and of a
holomorphic function g : B*~1(¢’, p) x B1(0,p) — C such that

(7.2) V(h) N (B"H(¢, p) x B'(&r,6) x BY(0,p))

— (g, u),u) s (+/,u) € BN, p) x BY(0,p)}.
Since h is real over real points, we can apply the real implicit function theorem to
get that g is real over real points.

To show that V is (v, d)-hyperbolic at £ with respect to 7, let D := B"~1(0, p) x
B(0,0) and fix ( € VNTI(y,d, &+ D, p') and assume 7(¢) is real. Then there are
0 <t<pland w € D such that ( = v(¢) + t4(¢ + w) and 7(w) = (v',0) € R™.
Moreover, ¢ € V and the d-quasihomogeneity of the functions F,, imply for u := !/

0=f(¢) = Fup(t,t*(E +w)) + > Fult,t* (¢ +w))
w>wo
= 1°0(Fly (L,E+w) + Y 1970 F, (1, + w)) = u'“*h(€ +w, u).

w>wo

Hence it follows from (7.2) that
(€ +wu) = (& +w', g +u',u),u).

Since ¢’ + w’ and u are real, g(§' + w',u) = &, + w, is also real. This implies that
¢ is real. Therefore the proof is complete if 7 is noncharacteristic for 7', 4V at &.
However, this is the case since T, 4V = V(F,,(1,-)) implies

Te(Ty,aV) = {¢ € C": (¢, grad F, (1,€)) = 0},
and consequently
kerm N T (T, 4V) = {0}.
O

Next we show that under an additional hypothesis, the characterizing conditions
in Theorem 5.3 simplify considerably.

7.3. Theorem. Let V be an analytic surface in C3 which contains the origin and
which is the zero set of an analytic function with real Taylor coefficients. Assume
that ToV and Ty 4V have multiplicity 1 for each (v,d) € C (C as defined in section
5.1). Then V satisfies PLioc(0) if and only if ToV has PLioc(0) and for each
(v,d) € C, the limit variety Ty qV satisfies PLioo(€) at each real point &.

Proof. Note first that for (v,d) € C we have d € Q by section 5.1. Moreover,
the hypotheses imply that F, ) (1,-) is square-free and that this also holds for
F,,1)(1,-). Hence it follows from Lemma 7.2 that the hyperbolicity conditions in
section 7.1 are all satisfied. Therefore, the theorem follows from section 7.1 (or
rather Theorem 5.3). O



LOCAL PHRAGMEN-LINDELOF CONDITION 1377

Remark. Note that Theorem 7.3 essentially reduces the dimension of the varieties
that have to be checked. For d > 1, this follows from Theorem 2.7(c). Hence we can
apply Proposition 3.16 in this case. Since TyV is a homogeneous variety, it follows
from Meise, Taylor, and Vogt [26], Theorem 3.13, that TpV satisfies PLjo.(0) if and
only if V satisfies the dimension condition and PLjo.(€) for each ¢ € TyV N.S?. The
latter condition can be checked using Braun [5], Corollary 12, or Lemma 6.1 and
Proposition 3.16.

The following proposition can be considered as an example which shows that our
methods can also be used to prove positive results for certain hypersurfaces in C™
for n > 3.

7.4. Proposition. Let f : B"(0,7) — C be holomorphic for some r > 0. Assume
that f is real over real points, and that the localization fy of f at zero has no elliptic
factors and satisfies grad fo(z) # 0 for each x € R™\ {0}. Then V =V (f) satisfies
PLjc(0).

Proof. Tt is easy to check that the present hypotheses imply the hypotheses of [§],
Corollary 13. Hence V satisfies RPLjoc(0), i.e., condition 5.13(a).

Next note that for each & € ToV NR™ = V(fo) NR™ with |{] =1 and ¢ : t — ¢,
t > 0, the origin belongs to T, 1V = ToV — &. Since grad fo(§) # 0, Lemma 7.2
implies the existence of some zero neighborhood G¢ in C" and ps > 0 such that
V' is (7e, 1)-hyperbolic in 0 € T, 1 V. By Lemma 5.7, this implies that V' satisfies
PL(V,I'(v¢,1,Ge, pe)). Hence, also condition 5.13(b) is fulfilled. Therefore, V'
satisfies PLjoc(0) by Lemma 5.13. O

7.5. Example. Define the polynomials
Pla,y,2) : = y(@® — y?) + 2ay2* + yz* = Py + Py + Py,
Q(xvya Z) = y(iL’Q - y2) + (E222.
Then V(P) satisfies PLijo(0) while V(Q) fails PLjyc(0).
To show this we go through the steps in the algorithm of section 7.1, beginning
with V = V(P).
(1) By section 2.1 we have
oV =V(R) = {(z,y,2) € C°: y(a® — y*) = 0}.

Since TV is the union of three hyperplanes in C? which have real generators,
ToV satisfies PLjoc(0). It is easy to check that

(ToV )sing N S* = {(0,0,1), (0,0, —1)}.
(2) Let ¢ :=(1,0,0) and define 7 : ¢ — t¢. For d = 1 we then have
P(y(t) + (2,y,2)) = Po(t + 2, 9,2) + Pt + 2,9, 2) + Pa(,y, 2)
and hence, in the notation of Definition 2.10, wy = 3 and
Foo(ta,y, 2) =yt +2)* — 4>
Now let 7 : (z,y,2) — (x,0, z) and note that

OF,,

gy Loy =1+ x)? —3y>.
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aFWO 2
5 (1,n—¢) # 0 each n € (ToV )reg N S”.
Hence Lemma 7.2 implies that V is (v, 1)-hyperbolic at n — ¢ for each
ne (T()V)reg NR3.

(3) We claim that for each 7 € (TpV )singNS? the point n—( is a simple point of
T,1V. From this and the construction of the set C in section 5.1 it follows
that C = (). Hence all the conditions in Theorem 5.3(c) are fulfilled by (1)
and (2) and consequently V(P) satisfies PLjoc(0) by Theorem 5.3.

To prove our claim let £ := (0,1,0). Then & ¢ ToV. Since P(x,y,z) =
y(z+2%)?—y> and %—Ig(x, y,2) = (v+2%)%2—3y?, it follows that for projections
along &, the branch locus By is the set

Be = {(—5%,0,5) : s € C}.
If the curves o4 are defined as o4 (t) := (0,0, =+t), then I'(0+, 1, B(0,1),1)
contains only one branch of B¢ N R3, which proves our claim.

To show that V' = V(Q) fails PLioc(0) we consider the limit varieties T, 4V for
the curve v(t) := (0,0,t), which parametrizes a subset of (ToV )sing N R3. From [9],
Proposition 4.3 it follows that the first interesting value for d is d = 2. Using [9],
Corollary 3.17 we get

T2V ={(z,y,2) € C*: y* — 2*(y + 1) = 0}.

From this it follows easily that

By Proposition 3.16, the variety
W= {(z,y) € C* : y* —2*(y + 1) = 0}

does not satisfy PLioc(0). Hence T, 2V does not satisfy PLioc(0). By Theorem 3.13,
this proves that V(Q) does not satisfy PLjc(0).

7.6. Example. Define
P(xayvz) ::y(x2—y2)—yz3+z5 :P0+P1+P2~

Then V = V(P) satisfies PLjoc(0).

To prove this by an application of Theorem 7.3, note first that Py is square-free,
that V(Py) = TyV satisfies PLioc(0) and that (ToV )sing N S? = {&4,£-}, where
&t = (0,0,41). Some computation shows that for ¢ := (1,0,0) and v : t — ¢,
t > 0, the point £&_ — ( is a simple point of T, 1V, while £, — ¢ is not simple. By
the construction in section 5.1 we therefore have M; = {4 }. Define 74 : ¢t — &4,
t > 0. By Proposition 4.11 the first candidate for A4&+)(y, 1) (in the notation
of section 7.1(3)) is A = 2. A computation shows that this is correct. Hence
C1 = {(v+,3)}. The procedure described in Definition 2.10 and (2.3) (see [9],

Corollary 3.17) gives
T, sV =V(Fu(1,-)), where Fi, (1,2,y,2) = Q4 (z,y) = y(x? —y? —1).
Since grad Q4 (z,y) = (2zy, 2? — 3y* — 1), we get
(T, 2 V)sing = {(£1,0,2) : z € C}.

T+32
An inspection of the points (£1,0,0) shows that they are simple points of TW’%V.

Hence Lemma 4.9(b) implies that all points of (7., s V)sing are simple. Therefore,

the definition of C in section 5.1 gives C = C; = {(74, 2)}. Since it is easy to check
(using Proposition 3.16) that T sV satisfies PLic(¢) at each £ € T, sV N R3,

+53
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we have shown that the hypotheses of Theorem 7.3 are fulfilled. Hence V satisfies
PLjoc(0) by Theorem 7.3.

7.7. Example. Define
P(z,y,2) = y(2* — y*)(2® — 4y®) + 2(2® — 3y»)23 + 28 = Py + P, + P>.

Then V := V(P) satisfies PLjoc(0).
To show this, note first that by section 2.1 we have

(73) TOV:{(J;):%Z)E(C?) :PO(J"):%Z):O}
and that
(ToV )sing N S? = {(0,0,1), (0,0, —1)}.

Now let  := (0,0,1) and define vy : t — +tn. Applying the procedure described
in Definition 2.10 or using [9], Lemma 6.1, we get for both curves v4 and ~_ that
p=3and dy = %, ds = % (see Remark 2.11). Moreover,

(74) Fwo(%),i(la (l‘, Y, Z)) = y(xz - y2)(l‘2 - 4y2) + .1?(1‘2 - 3y2)a
(75) Fwo(g),:t(la(xayvz)) = x(xQ _3y2)+1'

Since 0 is not a simple point of T, 1V, we get M; = {n,—n}, in the notation
of section 5.1. For A(xn) := T4, (ToV) U TV we get from Lemma 4.11 that
AAED (v 1) > 3. A computation shows AAE (v, 3) = 3 and hence

3 3

G = {(74-7 5)) (7—7 5)}

Again it turns out that 0 € T, L8 V' is not simple and using Lemma 4.11 as above
we get Co = {(v4, %), (v—, %)} Since all points in TH,%V = V(F,(5/3),+(1,-)) are
regular, section 5.1 implies

3 3 5 5)

C={(r, 5)7 (-, 5)7 (V+ 5)7 (o g)}-

From (7.3), (7.4), and (7.5) it is obvious that all relevant limit varieties of V' have
multiplicity 1 so that we can apply Theorem 7.3. By this theorem, V satisfies
PLioc(0) if Ty V satisfies PLioc(0) and if 7', 4V satisfies PLjoc (&) for each § € T, 4V N
R3 and each (v,d) € C.

To check these conditions, note first that TV is the union of five hyperplanes
in C® which all have real generators. Thus TV satisfies PLjoc(0). In the other
cases we have T,V = W x C, where W C C? is V(Fyoa) (1, (7,y,0)). Some
computation shows that W is locally hyperbolic at each x € W NR2. This implies
that the hypotheses of Theorem 7.3 are fulfilled. Hence V satisfies PLj,c(0).

Next we consider some examples for the results in Section 6.
7.8. Example. If P € R [z,y, z,w] is defined as
P(z,y,z,w) :== ot + y4 - 923 + ($2 - y2)yw7

then P(D) : A(R*) — A(R?) is surjective. In fact, P(D) : D'(R*) — D'(R?) admits
a continuous linear right inverse.
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To prove this, note first that
grad P(z,y, z,w) = (42® + 2xyw, 4y — 2° — 3y%w, 3y22, (z* — y*)y)
and hence
V(P)sing = {(0,0,0,w) : w € C}.
In the notation of section 6.5 this implies by Lemma 6.6 that
Va=V(P)\V(P)sing, Vo=10, Vi=V(P)sing\ {(0,0,0,0)}.

To apply Theorem 6.9 note first that P has real coefficients and satisfies grad P(§) #
0 for each ¢ € V3NR*. This implies that V (P) satisfies PLjoc(€) for each ¢ € V3NR*
(compare Hormander [I7] or the proof of Meise, Taylor, and Vogt [23], Corollary
4.8). Next note that the points (0,0,0,+1) belong to the two different connected
components of V; NR*. Consider the reductions Q4+ of P in these points, defined
by
Q+(z,y,2) := P(x,y,2,+1) = a* +y* —y2® + y(x? — ?).

A slight variation of Example 7.6 shows that V(Q4) and V(Q-) satisfy PLjoc(0).
Hence Lemma 6.1 implies that V(P) satisfies condition (¢) of Theorem 6.9. Con-
sequently, P(D) is surjective on A(R*) by Theorem 6.9.

Since P is homogeneous, irreducible, and not elliptic, it follows from this and
Meise, Taylor, and Vogt [26], Corollary 3.14 that V(P) satisfies the Phragmén-
Lindelsf condition PL(R*), which is equivalent to the fact that P(D) : D'(R*) —
D’'(R*) admits a continuous linear right inverse.

7.9. Example. If P € R [z,y, z,w] is defined by

P(l‘,y, Z,’U.)) = y(LCQ - y2)w2 - yzjw + 25,

then P(D) : A(R*) — A(R?) is not surjective.
To prove this, note that some computation shows that

V(P)sing = ({(0,0,0)} x C) U (C* x {(0,0)}).

Hence the origin is the only singular point of the variety V(P)sing. In order to
decompose V(P) according to section 6.5 as U?:o Vj, we have to determine the set

E :={z € V(P)sing : dim C4(V(P), z) > 3}.
As it is explained in [10], 22, this can be done in an algorithmic way and gives
E=C-(1,0,0,00uC-(1,1,0,00UC-(1,-1,0,0)UC-(0,0,0,1).
By section 6.5, this implies
Vs = V(P)\ V(Psing, V2 =C*x {(0,0)} \ B, Vi = E\ {0}, Vo = {(0,0,0,0)}.

By Theorem 6.9(d), P(D) is not surjective on A(R*) if we show that for some
reduction @ of P at some point ¢ € V(P) N S? the variety V(Q) does not satisfy
PLioc(€). There are several choices for £ and various ways to argue (compare [10],
23). To avoid coordinate changes, we consider the reduction @ of P at (1,0,0,0)
defined as

Qy, z,w) == P(1,y,2,w) = yw2 - y2w2 - yzgw +2°



LOCAL PHRAGMEN-LINDELOF CONDITION 1381

To show that V(Q) does not satisty PLjo.(0), define «y : ¢ — (0,0, ¢). Then it follows
from [9], Corollary 3.17 that T%%V(Q) =W x C, where W =V (Q1) and

Q1(y,w) = yw? + 1.
Some computation shows that V(Q) is not (v, 3)-hyperbolic at (0,0, 0) € T, sV(Q).
Hence V(Q) does not satisfy PLjoc(0) by Theorem 3.13.

7.10. Example. If P € Rlzy,...,24] is defined as in Langenbruch [20], p. 256, by
P(z1,...,74) = a}(23(23 + 27) + 73) + 25 + 2§ + 25,

then P(D) : A(R*) — A(R?) is not surjective. This follows from Theorem
if we show that V(P) := {z € C* : P(z) = 0} does not satisfy PLjc(e1), for
e1 := (1,0,0,0). To prove this, we argue by contradiction and assume that V(P)
satisfies PLioc(e1). Then let eq,. .., e4 denote the canonical basis vectors of C* and
note that by Lemma [6.1]for the reduction @ of P at ey, defined by

Q(z,y,2) == P(e1 + ez + yes + zey) = 2°(y* + 2°) + 2% + 2 + 9% + 2,

the variety V(Q) satisfies PLjoc(0). By Theorem 5.3(c), this implies that ToV (Q) =
V(Qo) satisfies PLioe(0), where Qo(x,y,2) = 22(y? + 22) + 2%, Now let £ :=
(1,0,0) € V(Qo) and note that by Proposition 3.5 and Theorem 2.7(b) the variety
V(Qo) satisfies PLjoc(§). Applying Lemma 6.l again, we get that the reduction R
of Qo at (1,0,0), defined by

R(y,z) = Qo(l,y,z) = y* + 2> + 2%,

satisfies PLjoc(0). This, however, is not the case since the localization Ry of R at
the origin is elliptic. From this contradiction it follows that our assumption was
false, hence V(P) does not satisfy PLjoc(e1).

In conclusion we remark that we do not know of any examples of varieties of
dimension three or greater that are hyperbolic in conoids but fail to satisfy PLjoc(0).
Therefore it might be reasonable to conjecture that hyperbolicity in conoids gives
the characterization for PLj(0) for varieties in all dimensions.
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